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1 Planteamiento Del Problema

1.1| Antecedentes Del Problema

La teoria de homologia empieza tradicionalmente como una rama de la topologia, siendo

Poincaré el primero en dar una definicién de este concepto en su Analysis Situs en 1895.

Tiene que ver con la siguiente situacién: se dispone de un espacio topolégico complicado
y se desea obtener informacién sencilla relacionada con el proceso de contar agujeros
de cualquier dimensién, obteniendo ciertos invariantes lineales. Se puede pensar en la
homologia como en una construccién de invariantes lineales asociados a una situacion

no lineal.

La homologia es una herramienta algebraica fundamental que puede entenderse como
un modo de obtener informacion sobre espacios topologicos: se trata de una cierta dlgebra

extraida de la geometria.

Otro origen de la teoria de homologia proviene, por ejemplo, de Hilbert y del estudio
de polinomios. Los polinomios son funciones que no son lineales y se pueden multiplicar
para obtener otros de grados mayores; Hilbert considera ideales, es decir, combinaciones
lineales de polinomios con ceros comunes, y estudia los seneradores de estos ideales (que
pueden ser redundantes) y sus relaciones y después las relaciones entre las relaciones.
Obtiene asf una jerarquia entre tales relaciones, llamadas syzygies de Hilbert: esta teoria
de Hilbert es una manera sofisticada de intentar reducir una situacion no lineal (el estu-
dio de polinomios) a una situacién lineal, Esencialmente, Hilbert produce un complicado
sistema de relaciones lineales, que codifica cierta informacién sobre objetos no lineales,

los polinomios. Esta teoria algebraica es de hecho paralela a la teoria topolégica, y se




fusionan ambas en lo que se denomina el dlgebra homoldgica.

La geometria algebraice, uno de los grandes logros matemdticos de los aios 1950,
es el desarrollo de la teoria de cohomologia de haces y su extensién a la geometria por
parte de la escuela francesa de Leray, Cartan, Serre y Grothendieck: se observa una
combinacién de las ideas topolégicas de Riemann-Poincaré, las algebraicas de Hilbert, y

algunas analiticas introducidas fundamentalmente para medir bien.

La homologfa tiene muchas aplicaciones aiin en otras ramas del dlgebra: los grupos
finitos o las algebras de Lie tienen grupos de homologia asociados. En teorfa de nimeros

hay [importantes aplicaciones de la teoria de homologia, a través del grupo de Galois.

1.1.1 Axiomatizacion de la teoria

En 1945 Eilenberg v S. MacLane (1909-) en su articulo Relations between homology and

homotopy groups of spaces”, definen un nuevo concepto

Definicién 1.1. Una categoria C es una coleccion {A,a} con A elementos abstrac-
tos denominados objetos de la categoria, y c otros elementos abstractos denominados

morfismos de la categoria.

Mas adelante en el mismo articulo, Eilenberg y MacLane definen un functor de la

siguiente manera:




Definicién 1.2. Sean C = {4,a} y D= {B, 8} dos categorias. Un functor covariante
T :|C — D es un par de funciones denotadas ambas por T, una funcion objeto y

unal|funcién morfismo. La funcidén objeto asigna a cada A en C un objeto T(A) en

D, y la funcién morfismo asigna a cada morfismo « : A — A en C, un morfismo

T(oz!) . T(A) — T(A) en D.

El par de funciones debe enviar la aplicaciéon identidad en si misma, y debe verificar
identidades del tipo T(ad) = T{(@)T(d) siempre que el producto ad: esté bien definido
en C. Un functor contravariante se define de manera analoga, cambiando el sentido de

composicién de los morfismos.

Ese mismo afio Eilenberg trabaja también con Steenrod; ambos deciden comenzar a
estudiar la homologia desde un punto de vista diferente: en lugar de analizar la manera
de construir grupos de homologia y definir asi nuevos grupos, se concentran en estudiar
las propiedades que cumplen los grupos ya definidos hasta entonces. De esta manera
seleccionan varias propiedades comunes a todos ellos, y las denominan axiomas de la
teorfa de 1a homologia. Los nuevos axiomas de homologia se introducen en su articulo

Aziomatic approach to homology theory.

Eilenberg y Steenrod prueban también que muchas de las propiedades demostradas
para las diferentes teorias son consecuencia de estos axiomas. Su resultado mas intere-
sante es la prueba de que en la categoria de los espacios compactos triangulables, todas

las teorfas de homologia que verifican los axiomas son isomorfas.
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1.2 | Descripcion Del Problema

Durante los ultimos quince afios, las relaciones entre las categorias functor y la coho-

mologia de los grupos lineal general algebraicos GL{(n,k) se han utilizado con éxito

paral demostrar cohomologicamente conjuntos finitamente generados, y también han de-
mostrado ser muy 1til para calcular cohomologias explicitas. El primer objetivo de este
trabajo es estudiar la estructura de GL(n, k). El segundo es analizar el concepto de func-
tor polinomio estricto usado para calcular la cohomologia racional de grupos algebraicos

clasicos.




2 Los Grupos Clasicos

Los grupos clésicos son los grupos de transformaciones lineales inversibles de espacios

vectoriales de dimensién finita sobre los reales, complejos y los cuaterniones, junto con

los subgrupos que preservan una forma de volumen, una forma bilineal, ¢ una forma

sesquileneal (la forma de ser no degenerada y simética o antisimétrica).

2.1| Grupo Lineal General

Sea k el campo de los niimeros reales R o el campo de los nimeros complejos C, y sea
V un espacio vectorial de dimensién finita sobre k. El conjunto de transformaciones
lineales inversibles de V a V se denota por GL{V). Este conjunto tiene una estructura
de grupo con la composicién de transformaciones, con elemento identidad la transforma-
cion|identidad I(x) = = para todo z € V. El grupo GL(V) es el primere de los grupos
clésicos.

Recordemos algunos detalles relacionados con la terminologia de las transformaciones

lineales v sus matrices.
Sea V' y W espacios vectoriales de dimensién finita sobre k. Sea {vi,...,vn} ¥ {w1,..., wm}

bases para V v W respectivamente. $1 7 :V — W es una aplicacién lineal entonces.

m

T(vl)zzmjwi j=1,...,n

i=1




con

con

a;; € k. Los nlmeros ay; se llaman los coeficientes de la matriz o las entradas de T

respecto a las dos bases, y la matriz m X n
211 @12 - Qin
az  Oz2 -0 A2n
Laml am2 - OUmn

es la matriz de T con respecto a las dos bases. Cuando los elementos de V y W son

‘dentificados con vectores columnas en k* y k™ con las bases dadas, entonces la accion

de T se convierte en la multiplicacién por la matriz A.

Sea lS : W — U otra transformacién lineal, con U un espacio vectorial z-dimensional
con |base {u1,...,u:}, y sea B la matriz de S con respecto a la base {wi,...,wn} ¥y
{u1,...,u;} Entoncesla matrizde SoT con respecto ala base {vi,...,va} ¥y {u1,... LUz }

es dada por BA, con el usual producto de matrices.

Denotamos €l espacio de todas las matrices n X n sobre k por M, (k), y la matriz identi-

dad

por In. Si T:V — V es una transformacion lineal se escribe w(T) para la matriz

de T con respecto a la base {v1,...v,} del espacio vectorial n-dimensional V' sobre k, si

T,S € GL(V) entonces las anteriores observaciones implican que (ST = p(S)u(T).

Por

otra parte, si T € GL(V) entonces w(ToT~1) = w(TloT) = p(ly) = I. La

matriz A € M, (k) se dice que es inversible si existe una matriz B ¢ M,(k) tal que

AB

=BA=1

Observamos que una aplicacién lineal 7 : V' —= V esta en GL(V) si y solo si su matriz

#(T)) es invegsible. Recordamos también que una matriz 4 € My(k) es inversible si y

solo si su determinante es distinto de cero.

Usaremos la notacién de GL(n,k) para el conjunto de matrices inversibles n x n con

coeficientes en k. Con la multiplicacién de matrices GL(n,k) es un grupo con la ma-

N



triz
n-di
GL
GL

2.2

Elg

que

identidad como elemento identidad. Observamos que si V es un espacio vectorial
mensional sobre k con base {v1,...,v,}, entonces la aplicacién p : GL(V) —
in, k) correspondiente a la base {v1,... ,Un} €s un isomorfismo de grupo. El grupo

m,k) se llama el grupo lineal general de rango n.

Grupo Lineal Especial

rupo lineal especial SL{n, k) es el conjunto de todos los elementos A de M, (k) tal

det(A) = 1. Como det(AB) = det{A)det(B) y det(I) = 1, se tiene que el grupo

lineal especial es un subgrupo de GL(n, k).

Observe que si V es un espacio vectorial n-dimensional sobre k con base {v1,-.. sV} ¥

sip

es i

: GL(V) — GL(n,k) es la aplicacién previamente definida, entonces el grupo

p~Y(SL{n,k)) = {T € GL(V) : det(1s(T)) = 1}

idependiente de la eleccién de la base, por la férmula de cambio de base.

Denotamos este grupo por SL{V).

2.3

Sea,

Grupo De Isometria De Formas Bilineales

17 un espacio vectorial n-dimensional sobre k. Una aplicacién bilineal B:VxV —k

se llama una forma bilineal. Denotamos por O(V,B) el conjunto de todos g € GL(V)

tal que B(gv, gw) = B(v,w) para todo v,w € V. O(V,B) es un subgrupo de GL(V);

llamado el grupo de isometria de la forma B. Sea {vi,...vn} una base de V y sea

I

rela

M, (k) la matriz con T;; = B{v;,v;}). Si g € GL(V) tiene matriz A = {a:j) en

i6n con esta base, entonces

|O



1

B(gui, gv;) = Y aiayB(o, v) = > arl'way
kil Kl

Gi A denota la matriz transpuesta {¢;;) con ¢i; = @i, entonces la combinacién que

g € O(V,B} es que
I'= ATA.

Recordemos que una forma bilineal B es no degenerada si B(v,w) = 0 para todo w
implica que v = 0, y también B(v,w) = 0 para todo v implica que w = 0. En este
caso se tiene que detl’ # 0. Supdngase B no degenerada. Si T : V. — V es lineal y
satisface B(T,,Tw) = B(v,w) para todo v,w € V, entonces det(T) # 0 por la formula

(1.1). Entonces T ¢ O(V,B).

2.4| Grupo Ortogonal

Sea|O(n, k) el conjunto de todas A € GL(n,k) tal que AAL = I. Asi, A = A7,
(AB) = B!A' y A, B € GL(n,k) entonces (AB)™! = B~1AL. Por tanto O(n, k) es
subgrupo de GL(n,k). Este grupo se llama el grupo ortogonal de matrices n X 1 sobre k.
Si ]kl = R se tienen los grupos ortogonales indefinidos, O(p,q), conp+q=ny p,q € N.

Sea

Se define




O(p,q) = {A € M,(R): At g A=Ipg }-

Observe que O(n, 0) = O(0,n) = O(n,R). Asi

00 1
5=

01 - 0

10 - 0

es lalmatriz con entrada 1 en la diaoganal (j = n+ 1 — i) y todas las demas entradas 0,

entonces S = S7! = Sty sl,,q 51 =sl,,,8 = —I;,,. Entonces la aplicacion

¢ : O(p,q) — GL(n,R)

Dado por ¢(g) = sgs define un isomorfismo de O(p,q) en O(g,p)

2.5

Sea,

con

Grupo Simplectico

0 1
J pammny
—-I 0
I 1a matriz identica n x n. El grupo simplectico de rango 7 sobre k se define como

Spln,k) = {A € Man (k) : ALTA = J}.

Sp(n, k) es un subgrupo de GL(2n, k).

2
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3 La Topologia De Zariski

Sea k un campo algebraicamente cerrado y V = k™. Los elementos del élgebra polino-
mial|S = k[T, ..., Ty] se pueden ver como funciones de k-valores en V. v € V es un

cero|de f € k[T},...,T,] si f(v) =0y v es un cero de un ideal J de S si f(v) = 0 para

todo f € I. Denotemos por V{I) el conjunto de ceros del ideal I. Si X es cualquier

subconjunto de V, sea Z(X) C S el ideal de los f € S con f(v) =0 para todo v € X.

Ejemplo 3.1. Seak = C yV = C" se tiene que el ideal (p(z)} generado por p(z) = w241

tiene como ceros los nimeros 4, —i.

3.1 | La Topologia De Zariski En V

La funcién I — V(I) tiene las siguientes propiedades:

1 v({0}) =V, V(S) = ¢;
2! Si I ¢ J entonces V(J) C V(I);
31 V(I NT) = VI V()

4l 8i (Jo)aea es una familia de ideales y I = 3. 4 I« entonces

V(I) = naEA V(Iﬂ);

Se sigue de (1),(3) y (4) que existe una topologia en V' cuyos subconjuuntos cerrados
son los V(I), para todo I en S. Esta es la topologia de Zariski, la topologia inducida
en un subconjunto X de V es la topologia de Zariski en V. Un conjunto cerrado en v

se llama conjunto algebraico.

10




4 Algebra Afin

Qea X k™. Las funciones de k-valores en X que son restricciones de polinomios en k™
se llaman polinomios en X . Estas forman una élgebra denotada por k[X]. El kernel del

homomorfismo restriccion.

P KTy, ..., Ta] — K[X].

es el|ideal Z(X). Se tiene

Esta lgebra tiene las siguientes propiedades:

& k[X] es una k-dlgebra de tipo finito, es decir existe un subconjunto finito

{fi.--., f} de k[X] tal que k[X] = K[f1,.... fi]

o k[X] se reduce, es decir, 0 es el tinico elemento nilpotente de k[X]

Unalk-dlgebra con estas propiedades se llama una k-dlgebra. afin. Si A es una k-algebra
afin] entonces existe un subconjunto algebraico X de algun k" tal que A = k[X].

Si flk > k[TY,...,Tn]/I, en donde I es el kemel de el homomorfismo que manda T; al
generador f; de A, entonces A se reduce si y solo si I es un ideal racional. k[X] es el

algebra afin de X.

A continuacién mostramos que los conjuntos algebraicos X y su topologia de zariski

son determinados por la dlgebra k{X].

Si I|es un ideal en k[X] sea V(I) el conjunto de los z € X con f(z) = 0 para todo
f£ell. Si ¥ es un subconjunto de X sea Z,(Y") el ideal en k[X] de las f tal que

f(y) =0 para todoy € Y.

11




k.

i

Si Al es cualquier algebra afin, sea Max(A) el conjunto de sus ideales maximales. Si
¢ € X, entonces My = Z,{{z}) es un ideal maximal. En efecto, para todoz € X el
homomorfismo
v k[X] — k

foo f2)
tiene como kernel a My = Z,({z}) entonces k[X],/ M, =k y por lo tanto

M, = Z,({z}) es maximal.

Proposicién 4.1.

si ylsolo si I C Mg

i, Los conjuntos cerrados de X son los Vx(I) para todo ideal I de k(X].

Dethostracién: Como k[X] 2 S/Z(X) los ideales de k[X] corresponden a los ideales
maximales de S que contienen a Z(X). Sea M un ideal maximal de S. La aplicacién Z

define un orden contrario de la familia de subconjuntos cerrados de Zariski de V en la

familia de los ideales radicales de S, es decir, si X € X2 entonces T(X2) CI{Xy).

Ademas cualquier familia de subconjuntos cerrados de X contiene un elemento

minimal. Estas dos condiciones implican que M es el conjunto de todos los f €5 que

se anulan en algun punto de k™. De lo anterior se deduce . i1 es consecuencia de la

definicién de la topologia de Zariski.

12
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5 Funciones Regulares, Espacios Anillados

Vamos a considerar las funciones definidas localmente en X. Para esto es necesario sub-

conjuntos abiertos espaciales de X, que ahora presentamos.

Si fle k[X] sea

D.(f) = D(f) = {z € X/ f(=) # 0}
Esto es un conjunto abierto, es decir el complemento de V( fk[X]). Se tiene que
D(f.9) =D(f)nD(g), D(f*)=D(f) (n=1)

Los ID(f) se llaman subconjuntos abiertos principales de X.

Sea x en X, una funcién f de k-valores definida en una vecindad U de x se llama
regular en z si existen g, h € k[X] y una vecindad abierta V C U N D(h) de = tal que

f(y)‘ = g(y)h(y)~' paray € V.

Unal funcién f definida en un subconjunto abierto no vacio U de X es regular si esta es

regular en todo punto de U. Asf para cada z € U existen g, hy con las propiedades

anteriores.

Denotaremos por Oz(U) o O(U) las k-algebra de funciones regulares en U.

Las siguientes propiedades son evidentes.

| Si U y V son subconjuntos abiertos no vacios y U C V, la restriccion define un

—

homomortfismo de k-glgebras Q(U) — O(V)

13




2.|Sea U = J,eq Ua un cubrimiento abierto de conjuntos abiertos U. Supongamos
que para cada @ € A es dado fo € O(Uy) tal que si Uy N Ups no es vacio, fo v fg
se restringen al mimo elemento de O(U, NUg). Entonces existe f € O(U) cuya

resticcién a Uy, es fa, para todo a € A.

5.1 | Haces De Funciones

Ahora sea X un arbitrario espacio topolégico. Supongamos que para cada subconjuntos
abietto no vacio U de X, una k-algebra de funciones de k-valores O(U) es dada tal que
cumple con las propiedades (1),(2) anteriores. La funcién © se llama un haz de funciones
de Ik|-valores en X. Un par {X, ) que esta conformado por un espacio topolégico ¥ un
haz de funciones se llama un espacio anillado.

Sea (X, ) un espacio anillado si ¥ es un subconjunto de X. Se define un espacio
anillado(Y, @ | Y) como sigue. ¥ cuenta con la topologia inducida. Si U es un subcon-
junto abierto de Y entonces O |y (U) consiste de las funciones f en U con las anteriores
propiedades; entonces existe un cubrimiento abierto U ¢ | JU, de U por conjuntos abier-
tos en X, y para cada a, un elemento fo € o(Us) tal que la restriccién de f, a U NU,

coincide con la restriccion de f.

5.2| Variedades Algebraicas Afines

Los espacios anillados {X, Ox)} son las variedades algebraicas afin sobre k, que también
llamamos k-variedades afin.

Denotaremos por Oy, 0 Oy la k-dlgebra de funciones regulares en x € X. Por definicidén
estas son funciones regulares definidas en alguna vecindad abierta de .

Unal definicién formal es:

14
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Don

O, = limind O(U)

He U recorre las vecindades abiertas de X, ordenadas por inclusién y limind denota

el limite inductivo.

Sea

fism

(X, Ox) una variedad algebraica. Se sigue de la definicion que existe un homomor-

b ¢ : k[X] — O(X),

Proposicién 5.1. ¢ : k[X] — O(X) es un isomorfismo

5.2.

Sea

1 Morfismos

(X,0x} y (Y,0y) dos espacios anillados sea ¢ : X — Y una funcién continua. Si

f es|una funcién en un subconjunto abierto V' C Y. Denotaremos por ¢, f la funcién

en s
conj

que

nbconjunto abierto (f);l de X que es la composicion de f y la restriccién de ¢ al
unto. ¢ es un morfismo de espacios anillados, si para cada abierto V €Y tenemos

¢t aplica Oy (V) en O x{(671V). Por otra parte, si (X, Ox) y (¥, Oy) son variedades

algebraicas affn, un morfismo de espacios anillados X — Y es llamado un morfismo de

variedades algebraicas afin. Esta claro como definir un isomorfismo de variedades afin,

Si Xi es un subconjunto de Y, ¢ la inyeccion X — Y y Ox = Oy|x entonces ¢ define un

mor

es u

fismo de espacios anillados en el sentido anterior. En este caso se dice que {(X,0x)}

n subespacio anillado de (Y, Oy).

Un morfismo ¢ : X — Y de variedades afines define un homomorfismo de algebras.

por

Inversamente, un homomorfismo de 4lgebras ¢ : k[Y] — k[X] define una funcién

Oy (Y) — Ox(X)

5.1. un homomorfismo ¢* : k[Y] — k[X].

15




continua ¥ : X — Y con (¥)* = ¢ (ver los puntos de X ¢ Y como homomorfismo).
Entonces 3 es un morfismo de variedades afin. Si ¢ se define como en 5.2.1, se tiene que
{¢*)i= ¢. En resumen las k-variantes y sus morfismos pueden ser descritos en terminos

algebraicos.

16
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6.1

6 Estructuras Sobre GL(n,C)

Grupos Algebraicos

Un grupo algebraico es una variedad algebraica G que también es un grupo tal que, las

aplicaciones que definen la estructura de grupo u : Gx G — Gceonplz,y) =zye

+— =1 son morfismos de variedades.

Un subgrupo cerrado H de el grupo algebraico G es un subgrupo que es cerrado en la

topo

ogia de Zariski. Entonces existe una estructura de grupo algebraico en H tal que

la incluciéon H — G es un homomorfismo de grupo algebraico.

6.2

Topologia De Zariski En GL(n,C )

Un ejemplo de grupo algebraico es el grupo lineal especial dado por;

Sue

SL(n,C) = {(«i;) € C"2; det(ai;) = 1}

structura de grupo esta dada por la multiplicacién de matrices y su estructura de

variedad es dada por el hecho de que es el conjunto de puntos en C™% que anulan el

polinomio det(T) — 1. Con dlgebra afin

C[SL(n,C)] = C [T}, /{det(T) — 1) = O [SL(n,C)].

Observe que el mismo argumento no es aplicable al grupo lineal general GL(n,C) dado

por;

GL(T’LC) = {aij = an; det(aij) =,lé O}

17




este es un subconjunto abierto (en la topologia de zariski) sin embargo GL(n,C) tiene

. ’ - . 2
una estructura de un grupo algebraico afin considerado como un subconjunto de C™ !

es decir:

GL(n,C) = {{aij,b) € C¥¥1;bdet(a;;) = 1}
para|GL(n, C) el dlgebra de funciones regulares esta definida como
O[GL(n,C)] = C [T11, T2, - - Tuns det(Ti;) "]
los elementos en C [Tij, det(Tij)_l] son polinomios de la forma

f(.??) = f(Tll (.’E), Tlg(.’,ﬂ), . ,Tnn(a:), det(m)_l)

donde T;; son las funciones de entrada de la matriz en M, (C}.
Un grupo algebraico lineal es un subgrupo cerrado (en la topologia de zariski) de
GL(In, C) para algun n. Es decir un subgrupo G de GL(n,C) es un grupo algebraico

lineal si existe un conjunto A de funciones polinomiales en M, (C) tal que;

G = {(aij) € GL{(n,C); f((a;;)) = 0 para todo f € A}

As{ todo grupo algebraico lineal es un grupo algebraico affn. De hecho lo siquiente es
cierto también. Dado cualquier grupo afin algebraico G, existe un isomorfismo de grupo
algebraicos afin, entre G y un subgrupo cerrado de GL(n,C) para algun n. Asi cualquier

grupo algebraico afin es isomorfo a un grupo algebraico lineal.
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6.3

Ejemplos
1 A
El subgrupo de SL(2,C) via A — ;
01
1 A
ct= IxecC
01
con
1A (1 g 1 Ap

0 1110 1 0 1

es el grupo aditivo. Se tiene que C[SL(2,C)] = C[T]

En el caso n = 1 tenemo GL(1,C) = C — {0} = C* el grupo multiplicativo del

campo C.

Sea D,(C) € GL(rn,C). El subgrupo de matrices diagonales no singulares en C.
Los T}; que definen a Dp,(C) son los T;;((ai;}) = 0sii# j, para (ai;) € GL(n,C),

es decir,

DLC)=<|: - |jec”

D,(C) se llama el toro n-dimensional

Sea B,(C) ¢ GL(n,C) el subgrupo de matrices triangulares superiores. Las fun-

ciones que la definen son Tj;((ai;)) = 05814 > j, asi B,(C) es un grupo algebraico.

El subgrupo de matrices triangulares superiores unipotente Un(C) = {(ayy) €

B,(C)|ay; =1parai=12...n}.

19
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U,(C) es un subgrupo normal de B, (C) y Ba(C) = Dr, (C)Un(C) las funciones que
la define en este caso son Ty;((ai;)) = 1 para todo i y Ti;((ay)) =0si¢> 7.

Cuando n = 2, el grupo Uy es isomorfo (como un gupo abstracto) a el grupo aditivo

1 =z
de el campo C, via la aplicacion z —
01

de C a Us. Podemos considerar a € como €l grupo lineal algebraico Us.

|Sea T € GL(n,C) y sea Br(z,y) = 2Ty para z,y € C". Entonces Br es una

forma bilineal no degenerada en C". Sea
Gr = {A ¢ GL(n,C): ATA =T}

el subgrupo que conserva esta forma. Como Gr se define por las ecuaciones de
segundo grado en las entradas de la matriz, este es un grupo algebraico. Esto
demuestra que €l grupo ortogonal Oy, ¥ €l grupo simplectico Sp, son subgupos

algebraicos de GL{n,C). Para n = 2 las funciones que definen a

0(2,C) = {4 € GL(2,C) : AA' = I}

son T2 + T2 = 0,T11Ta1 + T12Teg — 1= 0,Toy 1y + To2Thz = 1,T5 + Th =0.

Para cualquier n se tiene:

n
fi=3 TuTpx—6y 1<ij<n
k=1
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6.4 Funciones Regulares En GL(n,C)
Para el grupo GL{n,C), ¢l dlgebra de Funciones regulares se define como
O[GL(n,C)| = C[T11, 12, - -, Trn, det(T) '] .

Esta es el algebra conmutativa sobre C generada por las funciones entradas de la
matriz (Tj;) v la funcién det(7Tj;)™", con la relacién det(T;;).det(Ti;)~! = 1 donde
det(T;;} es expresado como polinomio en (T;;) para cualquier espacio vectorial com-
plejo V de dimension n, sea ¢ : GL{V) — GL(n,C) el isomorfismo de grupo
definido en terminos de una base de V. El algebra O [GL(V')] de funciones regu-
lares en GL(V) se define como todas las funciones fop, donde f es una funcién
regular en GL(n,C).

Las funciones regulares en GL(V) que son combinaciones lineales de las funciones
entradas T;; de la matriz en relacién con una base para V se pueden describir en

la siguiente base-libre: dada B € End(V'), se define una funcién fp en End(V') por

fe(Y) =try(YB), para Y € End(V)

Por ejemplo, cuando V = C" y B = e;; (dnde e;; en la matriz elemental, tiene
exactamente una entrada diferente de cero, que es 1 en la ¢,7 posicién) entonces
feij(Y) = X;(Y). Como la aplicacién B —> fp es lineal, se sigue que cada
funcién fp en GL(n,C) es una combinacién lineal de las funciones entradas de
la matriz v por lo tanto es regular. Por otra parte, el dlgebra O [GL(n,C)| es
generada por {fp : B € My(C)} vy (det)~! asi para cualquier espacio vectorial de

dimensién finita el dlgebra @ [GL(V)] es generado por (det)™! y las funciones fg,
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para B € End(V). Un elemento g € GL(V) actiaen End(V) por la multiplicacién

a izquierda y derecha, y se tiene

F(gY) = fBo(Y), f8(Y9)= fys(Y) para B,Y € End(V).

Asi las funciones fs nos permiten la transferencia de propiedades de la accién

lineal g en End(V) o las propiedades de la accién de g en las funciones de GL(V).

Definicién 6.1. Sea G C GL(V) un subgrupo algebraico. Una funcidn de valor
complejo f en G es regular si es la restriccion a G de una funcidn regular en

GL(V).

El conjunto O [G] de funciones regulares en G es un algebra conmutativa sobre C
bajo multiplicacién de punto a punto; Esta tiene un conjunto finito de generadores,
a saber, las restricciones a G de (det)™! y las funciones fg. Con B variando sobre

cualquier base para End(V).

22
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7 Categorias y Functores

En esta seccidn, k es un anillo conmutativo.

7.1 | Categorias
Definicién 7.1. Una categoria C es una cuarteta (Ob(C), Hom, o, id),

1) una clase Ob(C), de objetos,

2! para cada X,Y € Ob(C), Hom(X,Y) es un conjunto cuyos elementos se llaman

morfismos o flechas de X a Y,

3! una aplicacion
o: Hom(X,Y)x Hom{(Y,Z) —— Hom(X,Z);
(f.9) —  fog
llamada la aplicacién composicdn, esta aplicacion es asociativa, es decir,
ho(gof) = (hog)of para f : X — Y, ¢:Y — Z, h: 2 — W
para cada X € Ob(C), existe idy € Hom(X,X) tal que foidx = f y idxog = g para
cualguier f € Hom(X,Y) y cualquie g € Hom(Z,X).
A continuacién presentaremos algunas categorias que son de importancia para nuestro
trabajo.

1! € — Sets. Los objetos en esta categoria son conjuntos, los morfismos son fun-

ciones, y la composicion es la usual composicién de funciones.
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Ejer

[y

Lo

C = Grp. Los objetos en esta categoria son grupos, los morfismos son homomor-

fismos, v la composicién es la usual composicién de homomorfismos.

C = V. Esta categoria tiene como objetos los k-mddulos proyectivos finitamentes
generados. El simbolo ”V” significa la dualidad k-lineal: VY := Homg(V,k) (el

conjunto de k-homomorfismos de V a k).
mplo 7.2. Sea V=2Z x7Z = {(a,b)/a,b e L} yk =7Z

(V. +) es un grupo abeliano

Vo € Z, Y(a,b) € V, n{a,b) = (na,nb) € V. (V,+,.) es un mddulo sobre Z.

B8 ={(1,0),{(0,1)} es una base finita que genera a V.

Se tiene que V es un objeto de Vg, VY = Homg(V,Z)

24
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7.2 | Functores

Definicién 7.3. Si C y D son categorias, entonces un functor covariante F: C —
D es una funcidn tol que;

1! 8i X € Ob(C), entonces F(X) € Ob(D).

21 Si f: X — Y € C entonces F(f}: F(X) — F(Y)e D.

31 8 Xf — Y9 — Z € C, entonces
F(X)PY) — F(Y)™9) — F(Z) € D y F(gof) = Flg)oF (f)

4! para todo X € Ob(C), Flidx) = idr(x).

Ejemplo 7.4. Si C es una categoria, entonces el functor identidad ide : C — C es

definido por

ido(X) = X para todo X € Ob(C) y
ide(f) = f para todo f € Homg(X,Y)

Ejemplo 7.5. El funtor covariante Hom Fx: C — Sets definido por
Fx(Y) = Hom(X,Y) para todo Y € Ob{C),

ysilf : Y —— Z € C, entonces Fx(f): Hom(X,Y) — Hom(X, Z) es dado por
Fx(f)y=hvr— foh.

Fx(f) se llama la aplicacién inducida, y denotaremos por Hom(X, ) a Fx.
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Definicién 7.6. Si C y D son categorias, entonces un functor contravariante ¥ : C ——

D es una funcion tal que;

FY !

¥y sl

11 8i X € Ob{C), entonces F(X) € Ob(D)
21 Si f: X — Y € C, entonces F(f): F(Y) — F(Y)e D

2l §i Xf — Y9 — Z e C, entonces

F(2)F9) — FY)FU) —» F(X)eDy
F(gof) = F(f)oF(g)

4\ Para todo X € Ob(C), Flidx) = idp(x)-

Si C es una categoria e Y € Ob(C) entonces ¢l functor Hom contravariante

C — Sets es definido, para toda X € Ob(C), por

FY(X)= Hom(X.Y)

ilf: X — Z € C, entonces FY (f) : Hom(Z,Y) — Hom(X,Y) es dado por

FY(f): h— hof.

LLamaremos a FY {f) la aplicacién inmducida y denotaremos por Hom(—,Y) a F Y(X).

7.3

Ac

Categoria Opuesta

ada categorfa C se le asocia la categoria opuesta C°P. Los objetos de C°F son los

objetos de C, los areglos de C°P son lechaa f°P con una correspondencia uno a uno con las

flechas f de C (f — f°), para cada flecha f : X —= Y en Cse tiene la correspondiente

flecha f : ¥ — X en C°P. La compuesta fPog” = (gof)° es definida en CP

exactamente cuando la composicién gof es definida en C. Si F : C —— D es un
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functor, su funcién objeto X — F(X) y su aplicacién funcién f +— F(f), se rescribe
como fP — (F(f))°P para definir un functor de C°P a D°P, que denotaremos como

For | C°P —» DPP.

7.4 | Productos De Categorias

A partir de dos categorias C'y D se construye una nueva categoria Cx D de la siguiente
maners. Un objeto de C x D es un par {X,Y) de objetos , X € CeY & D, una flecha
(X)) — (X,Y) de C x D es un par {f,g) de areglos f : X—Xyg:Y — Y, la

compuesta de dos flechas

(X, Y)ow — 5 (X, V)8 — (X,Y)
es definida en terminos de la compuesta en C'y D por
(f-g)0if, ) = {fof: goa)

Functores

P:CxD—C, Q:CxD—D

se llaman las proyecciones del producto se definen en (objetos y) flechas por:
P({f.an =1 QUf.g) =y

Tienen la siguiente propiedad: Dada cualquier categoria M y dos functores
R-M—C T -M—D

existe un Gnico functor ¥ : M — Cx Dcon PoF = R, QoF =T explicitamente, estas

dos condiciones requieren que Foh, para cualquier flecha h en M, debe ser {Roh,Toh);
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inversamente, este valor para Foh hace de £ un functor con la. propiedad requerida.

La construcién de F puede ser visualizada por el siguiente diagrama conmutativo de

functores;

P

CxD D

C

Esta caracteristica de la categorfa producto establece que las proyecciones Py () son
universales entre pares de functores a C'y D. Es exactamente una propiedad similar de
las proyecciones del producto (cartesiano)de dos grupos o dos espacios.

Dos|functores L : C — CyT . D —» D tienen un producto LxT : Cx D — CxD

que [puede ser definido explicitamente en los objetos y flechas asi:
(L x THX,Y) = (LX), T(YV)); (LxT)f9) = (L) Tl9)

Por|otra parte, este functor L x T puede ser descrito como el vnico functor {como en el

diagrama anterior) que hace que el siguiernte diagrama conmute:

P
C CxD D
L LxT T
c CxD b

El producto x es, un par de funciones: Para cada par {C, D) de categoria, una nueva

categoria C x D; a cada par de functor (L, T} un functor nuevo L x T. Por otra parte,
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cuando las compuestas LoL y ToT son definidas claramente se tiene (L x TYo(L x T) =
LoL x ToT. Por lo tanto la operacién x en si es un functor; mas exactamente, en las

categorias pequefas, es un functor
x : Cat x Cat — Cat

La definicién de categoria producto tiene incluido la descripcién de functores

F: M — Cx D auna categoria producto. Por otra parte, functores §5:CxD— M
de una categorfa producto se llaman bifunctores (en C'y D) o functores de dos variables
objetos (en Cy en D). Asi la definicién de categoria producto ofrece una definicién

automatica de ”functor de dos variables.
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8 TFunctor Polinomio Estricto

En 1o siguiente todos los espacios vectoriales y médulos se consideran sobre C.

8.1

Algebra Graduada

Una [k-dlgebra es un morfismo de anillos ¢ : k — A donde A es un anillo y la imagen

de ¢|esta contenida en el centro de A. Esto es equivalente a decir que A es un k-médulo

con

Un

r{a.b) = (r.a).b = a(r.b), via la identificacion de .1 y o(r).

anillo graduado es un anillo A junto con un conjunto de submodulos Ag, d > 0 tal que

A =|Dg>0A4 como un grupo abeliano, y st € Agr. para todo s € Ag, t € A,. También

requiere que 1 € A. Un morfismo de anillos graduados es un morfismo de anillos que

preserva el grado.

Un

k-médulo graduado es un k-médulo M junto con un conjunto de submédulo Mp,

n c|Z tal que M = @nezar, ¥ cada M, es un k-mddulo de M. Un morfismo de k-

médulos graduados es un morfismos de k-médulos que preservan el grado.

Una/|k-slgebra graduada es una k-algebra A que es también un anillo graduado, de tal

manera que la imagen del morfismo k — A estd contenido en A. Equivalentemente

A es un anillo graduado, una k-dlgebra y todas las piezas graduadas Ag,d > 0 son k-

submhédulos. Un morfismo de k-dlgebras graduadas es un morfismo de k-algebras que

preserva el gado.

8.2

Sea

Producto Tensorial

U y V espacios vectoriales. El producto tensorial de U y V es un espacio vectorial

U @V junto con una aplicacién bilineal:

7. UxV — URV

(v,v}) +— u®u
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que

satisface la siguiente propiedad de aplicacién universal: Dado cualguier espacio

vectorial W y una aplicacién bilineal 8 : U x V' —» W, existe una Ginica aplicacién lineal

B:U®V — W tal que 8 = Bor.

UxV UV

W

La construccién del producto temsorial es functorial: Dados los espacios vectoriales

U, V|X y Y y aplicaciones lineales f : U — X y g : V — Y, existe una unica

aplicacién lineal f® ¢: U@V — X ®Y tal que (f & gu®v) = flu) ® g{v). Como

59

n— f®g es una aplicacién bilineal de H om{U, X) x Hom(V,Y') a el espacio vectorial

Hom(U @ V,X ®Y), se extiende a una aplicacion lineal

8.3

Sea

Hom(U,X}® Hom(V,Y) — Hom(U®V,XQ®Y).

La d-esima Potencia Simétrica

IV un espacio vectorial y d un entero positivo. El grupo simétrio &4 actia en y®d

permutando las posiciones de los factores en el producto tensorial.

crd(s)('ul R..& ’Ud) = Us—1(1) @ ... B Us—1(d)

para s € By y v1,..,94 € V. Note que o4(s) mueve el vector en la i — esima posicidn

a el

Asi

vector en la posicién s(i). entonces o4(st) = oa(s)oa(t) para s,t € B4y oq(1) = 1.

oy 6y — GL(V®?) es un homomorfismo de grupo. Se define

Sym(vl 2. ® ’Ud) = l/d Z O‘d(S)(’Ul @ .8 'Ud)
3EG,
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Entonces el operador Sym es la proyeccién sonre el espacio de @ - fijo tensores en Ved,

54V = Sym(V®9) es el espacio de d-tensores simétricos sobre V. Por ejemplo cuando

d = 2, entonces S%(v) esta emparejado por los tensores + @y +y @ para x,y € V.
También podemos caracterizar a S4(V) en términos de una propiedad de asignacion

universal: Dada cualquier aplicacién d-multilineal
fVix..xVg—W

que es simértica en sus argumentos (es decir, fooa(s) = f para todo s € B,), existe una

tinica aplicacién lineal F : S4(V) —» W tal que F(Sym(v1 ® ... ® vq) = flv1,-..v4).

8.4 | Algebra Tensorial

Para cualquier k-médulo M se define el dlgebra tensorial T(M) como el k-mdédulo

(M) =PM® ke Me(MaM)&(MIMME..
i=0

Dadas las sucesiones m = (m;)i>0 ¥ I = (13)i>0 se define su producto por

(m.n)y = Z dy s(m, & n,)

r+s=d
Donde r,s,d > 0. T(M) es una k-dlgebra graduada, con la pieza graduada de grado

n >0 el subgrupo M®", La sucesién (1,0, ...} sirve como la identidad.
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Observaciones

8.5

Sea.

o La aplicacién k — T(M) definida por r — (7,0, ...} es un morfismo de anillos,

que da un isomorfismo de anillos de k con su imagen TO(M)

e La alplicacién M — T(M) definida por v —» (0,m,0, ...) es un morfismo de

k-médulos, que da un isomorfismo de k-médulos de M con su imagen TH(M)

o Paran > 2 la aplicacién M®" — T (M) definida por m &...&mn — 0,..,m®

... ® My, 0,...) es un morfismo de k-médulos, que da un isomorfismo de k-mdédulos
de M®" con su imagen T™(M). Note que m ®...QMp = MM, My €8 el preducto

de los m; en el anilo T(M).

e T(M) es generada como una k-lgebra por TH(M).

Algebra Simétrica

M un k-médulo y T(M) el dlgebra tensorial. Sea S el siguiente subconjunto de

T(M):{z®y—y®@z/z,y € M}. Seal elideal generado por S. Entonces I es homogéneo

y asi §*(M) = T(M)/I es una k-dlgebra graduada, y la proyeccion T(M) — S*(M)

es u

hom

n morfismo de k-algebras graduadas. Para n 2 0 denotaremos la n-ésima pieza

ogénea por S”(M). Este es un k-submédulo de 5*(M).

S*(M) es llamada dlgebra simétrica

S*(M) =T(M)/I =P s™

n>0

donde S = T"(M)/I"
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Observacion

Si k es un anillo conmutativo y M un k-médulo libre con base X. Entonces los monomios

en X de grado n forman una base para S*(M). Entonces, S™(M )2 k(X ]

Ejemplo 8.1. Sea k = R, M = R2. Como 8 = {(1,0},(0,1)} es una base para M
entonces S* (M) = R[], con ideterminadas = (1,0), y = (0,1).
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8.6 | Definiciones Basicas

Sea k un anillo conmutativo y sea A un producto finito de las categorias Vx v Vi~

Un functor polinomial estricto F' de A a Vi es la siguiente coleccién de datos: Para

cadal X € A, un elemento F(X) € Vg y para cada X,Y en A un polinomio Fxy €
S*(Homa(X,Y)V) ® Homg(F(X), F(Y)). Estos polinomios deben cumplir dos condi-
ciones: (1)Fxx{Idx) = Idp(x), y (2) los polinomios (f,g) — Fxv(floFyz(g) ¥

(f,g) — Fx z(fog) son iguales.

A partir de la anterior definicién surgen interrogantes interesantes, por ejemplo como es
la estructura de S*(Hom4(X,Y)V) ® Homg(F(X), F(Y)) y como se define Fx y.

Contestemos la primera pregunta. Sean X, Y elementos en A.

1.| Se toman todas las flechas en A entre X y Y5 Homa(X,Y')

2.| Se toman todas las flechas en Vi entre F(X) y F(Y); Homy, (F(X), F(Y)).

3.| Se construye el dual de Hom4(X,Y): Hom4(X,Y)V (el conjunto de k-homomerfismos
Homa(X,Y) — k).

4.| Se construye el dlgebra simétrica de Homa(X,Y)": S*(Homa(X,Y)")

Entonces Fx )y se define como:

Fxy: Homa(X,Y}) — Homy(F(X), F(Y))
f — FX’y(f)F(X)—>F(Y)

Si X|je A
FX,X: HOTTLA(X,X) — HOka(F(X),F(X))

Idy — Fxx(fdx)=IdF(X}
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Si fle Homa(X,Y) y g € Hom4(Y, Z) entonces (f,g) € Homa(X xY,Y x Z}. Se

define

Exy(g)oFyz(f): Homa(X xYY X Z) — Homy, (F(X),F(Z))

(f,9) —  Fxy{g)oFy,z{f} = Fx z(gof)
F(X)
Fxy(f)
F(Y} Fy z{g) o Fxy(f)
Fy,z(g)
F(Z)
F:A—V
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mology :of a classical algebraic group with coefficients in a Hopf algebra. QOur result also opens the way to
new expllicit cohomology computations. We give an example inspired by recent computations of Djament
and Vespa.
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1. Infroduction

Over the past fifteen years, the relations between functor categories and the cohomology of
the algellaralc general linear group GL, have been successfully used to prove cohomological
finite generation conjectures [10,20], and they have also proved very useful to perform explicit
cohomology computations [9,3,8]. The first purpose of this paper is to extend these relations to
other classical algebraic groups. More specifically, we prove that if G is a symplectic group, an
orthogonal group, a general linear group, or more generally a finite product of these groups, then
Ext-groups in a suitable functor category compute the cohomology of G. The second purpose of
this paper is to illustrate some advantages of the functorial point of view. In particular, we obtain
new cohomological results for classical algebraic groups, whose proofs do not seem to belong to
the usual algebraic group setting.

The cohomology we treat here is the cohomology of algebraic groups of [12], which was
introduced by Hochschild (it is often called ‘rational cohomology’ to emphasize that it arises
from ranlonal representations). The functors which play a role in the algebraic group setting are
the “strict polynomial functors’ of Friedlander and Suslin [10], and their multivariable analogues.
Our results are the algebraic counterpart of recent results of Djament and Vespa [7] about the
finite gr(l)ups Onn(Fy), Sp,(F,). However, the methods required for algebraic groups are very
different|from those needed for finite groups. The cohomological stabilization property illustrates
this difference vividly: in the algebraic group setting, it is an immediate consequence of the link
between |extension groups in functor categories and cohomology of algebraic groups, while in
the finite group setting these two results are independent.

What|follows is a synopsis of the results of the paper.

Relating|functor categories to the cohomology of classical groups

In Se(lztion 3. we establish the link between Ext-groups in strict polynomial functor categories
and rational cohomology of general linear, orthogonal and symplectic groups. For example, we
prove:
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Theorem (3.17, the symplectic case). Let k be a commutative ring, and let n be a positive
integer|For any F € P we have a +-graded map, natural in F:

sy, FExth (I (A%), F) > Ha(Sp,. Fa)-
The map ¢sp, r is compatible with cup products:
Gsp, For(x Uy) =g r(x}Uds, #(¥).

Moreover, ¢sp, F is an isomorphism whenever 2n 2 deg(F).

Here ‘P refers to the category of strict polynomial functors of Friedlander and Suslin. So if
Vi is the category of finitely generated projective k-modules, objects of P are functors F: Vg —
Wi with an additional ‘polynomial structure’ which ensures that the image £(V) of a rational G-
module V is a rational representation of the algebraic group G. The rational Sp,-moduie F, is
obtaine!d by evaluating F on the dual of the standard representation k%" of Sp,. The cup product
on the left comes from the usual coalgebra structure on the divided powers ™ (A%,

Our|method is based on classical invariant theory [6]. The proofs for orthogonal, symplectic
and general linear groups are analogous. For the orthogonal and symplectic groups the results
are new. In the general linear case, we obtain a new treatment (and a generalization over a com-
mutativle ring k) of previously known results: [10, Cor. 3.13], [8, Thin. 1.5] and [19, Thm. 1.3].

In Section 4, we use Kilnneth formulas to extend these results when G, is a finite product of
generaﬂ linear, orthogonal and/or symplectic groups. In that case, one has to consider the category
Pg of strict polynomial functors F ‘adapted to G’ that is with a number of variables taking
into account the number of factors in the product G,. Evaluation of £ on specific representations
of the factors of G, yield a rational G,-module F,, and we have:

Theorem (4.5). Let k be a commutative ring, let n be a positive inieger and let Gy be a Jinite

produc} of the algebraic groups (overk) GL,, Sp, and Oy . Forany F € Pg we have a x-graded
map, natural in F, which is compatible with cup products:

$Gy 7 Extp (I (Fg), F) = Hy(Gp. Fu).

Assr,i:me that 2n is greater or equal to the degree of F. If one of the factors of G, equals On p,
assume furthermore that 2 is invertible in k. Then ¢¢,, r is an isomorphism.

Some applications of the functorial viewpoint in algebraic group cohomology
As 4 first application, we deduce from Theorem 4.5 a cohomological stabilization property.

Corullzllry (4.6). Let k be a commutative ring, let n be a positive integer and let G, be a finite
product of copies of GL,, Sp, or On . Let F € Pg be a degree d functor adapted to G,. Let
n,m bel two positive integers such that 2m = 2n 2 d. If the orthogonal group appears as one af
the factors of G, assume furthermore that 2 is invertible in k. Then we have an isomorphism

B Hiog(Gmy F) = H(Gu, Fo).

a4
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We shlall denote by H},(Geo, Fixo) the stable value of H7 (Gp, Fy) {though this stable value
is obtainfl:d for relatively small values of n).

Asa slecond application we obtain a striking injectivity property for cup products. In general,
if G is an algebraic group and if ¢ € Hm(G M) and ¢’ € HX, (G, N) are nontrivial cohomology
classes, their (external) cup product cUc’ € H(G, M ® N) may very well be zero. For example,
if k is a field of odd characteristic and G, is the additive group, then the cohomology algebra

H} (G, k) is [5] a free commutative graded algebra with generators (x;);»q of degree 2 and
generators (A;);zo of degree one. Since the multiplication k ® k — k is an isomorphism, it is
not hard to build pairs of nontrivial classes (¢, 8) whose external cup product o U f is zero. This
cance]latlon phenomenon does not occur in (stable) cohomology of classical groups over a field.

Corollary (6.2). Let k be a field. Let G, be a product of copies of the groups GLa, Sp, or Op n,
and let F 1. F» be two functors of degree d1, dy adapted to Gy. If On » is a factor in G, assume
that Ik has odd characteristic. For all r such that 2n = di + da, the cup product induces an
injection;

rat(Gn’ (Fl)n) ® ra[( ns (FZ)I’!) — Hr,;[(Gns (Fl)ﬂ ® (FZ)H)

This results partially explains some nonvanishing phenomena, like [20, Lemma 4.13]. It
follows from a more general result, namely the existence of external coproducts in the stable
cohomology of classical groups.

Theorem (6.7). Let k be a field. Let G, be a product of copies of the groups GLy, Sp, or On p,
and let F \, Fa be strict polynomial functors adapted to G . If On n is a factor in Gn, assume that
k has odd characteristic. The stable rational cohomology of G, is equipped with a coproduct:

H (Gooy (F1 @ Fa)oo) = Hpy(Goo, Floo) ® Hiy(Goos Faco)-

Together, with the usual cup product (cf. Section 2.4), they endow H (G oo, —) with the structure
of a graded Hopf monoidal functor (cf. Definition 5.2).
Moreover, the cup product is a section of the coproduct.

The constructlon of the external coproduct uses the sum-diagonal adjunction, a feature which
is spec1ﬁ|c to functor categories. Some hints that such coproducts exist were given in [9]. where
the authors built Hopf algebra structures on some specific extension groups in functor categories
(when al! the functors in play are ‘Hopf exponential functors’). We build the external coproducts
in Section 5, where we make a more general attempt to classify the Hopf monoidal structures
that may; arise for extension groups in functor categories.

Asa consequence of Theorem 6.1, we also obtain Hopf algebra structures (without antipode)
on rational cohomology of classical groups (compare [9, Lemma 1.11]):

Corollary (6.4). Let k be a field. Let G, be a product of copies of the groups GLy, Sp, or Can,
and let A* be an n-graded strict polvnomial functor adapted to G, endowed with the struc-
ture of a Hopf algebra. If Op., is a factor in G, assume that k has odd characteristic. The
usual cup proa’uct H(Goo, AL)®? — H (G oo Al) may be supplemented with a coproduct

ral(GOO’ ro) = Hi(Gooy AL, )‘8’2 which endow Hml(Goo, AY.) with the structure of a (1+n)-
graded Hopf algebra.

u5
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Such Hopf algebra structures offer a nice framework in which we can reformulate some previ-
ously known cohomological computations, such as the existence of the universal classes of [20,
Thm. 4]1], ¢f. Corollary 6.5.

Finally, Ext-computations in strict polynomial functor categories is a classical subject. Many
results and computational techniques are already available. So by expressing rational cochomol-
ogy of olrthogonal and symplectic groups as extension in P, we open the way to new cohomology
computlations. To illustrate this fact, we give one example, which may be proved by the method
of Djament and Vespa [7, §4.2] and the computations of [9]:

Theorem (6.6). Let k be a field of odd characteristic. Let r be a nonnegative integer. Let S* (1 rhy
denote the symmetric algebra over the r-th Frobenius twist with 84 (1Y) placed in degree 2d)
and let |A*(I "y denote the exterior powers of the r-th Frobenius twist (with ATy placed in
degree d )

(i) The bigraded Hopf algebra H (O, 00, $*(I' ) is a symmetric Hopf algebra on gener-
atfl)rs em of bidegree (2m,4) for 0 < m < P
(i) Thle bigraded Hopf algebra H} (Spog, S*(1 UNyoo) is trivial.
(iii) Thle bigraded Hopf algebra HY (O 00 A* (1Y) g0 is trivial.
(iv} Thle bigraded Hopf algebra H3(Spoo. A™(1 N ) is a divided power Hopf algebra on gen-
erators ey of bidegree (2m, 2) for0 < m < P

2. Review of functor categories and group cohomology
2.1. Notations

If k|is a commutative ring, we denote by Vy the category of finitely generated projective
k-modules. The symbol <¥” means k-linear dvality: VY := Homg(V, k).

Let [V € Vi. For all 4 > 0, we denote by rd(vy the d-th divided power of V, that is the
invariatlns (V®4)ySd where G acts by permuting the factors of the tensor product (for d = 0, we
let I"O(V) = k). We also denote by S4(V), resp. A¢(V) the d-th symmetric, resp. exterior, power
of V. Ilet A* = §*, A* or I'*. Then A* satisfies an ‘exponential isomorphism’ natural in V, W
and ass:ociative in the obvious sense: A*(V @ W) =~ A*(V) @ A*(W). Let &2 be the diagonal
V> \If @V, x> (x,x),and let Zr bethesum VeV -V, (x,y)> x +y. ‘The’ graded
Hopf algebra structure on the divided powers (V) (without further specification) means the
fol]owihg. We consider T'(V) in degree 2d, the unit is k= I%(V) < *(V), the counit is
r*(V)l—» r°(v) =k, the multiplication and the comultiplication are:

rrn®~ v e v) SO, ryy. oy 8 rrv e vy 2 rrn)®

2.2. Strict polynomial functors

Let k be a commutative ring and let A be a finite product of the categories Vi and VT (the
‘op’ st?nds for the opposite category). We recall here the basic definitions and properties of the
category of strict polynomial functors from A to Vi. The case A = Vy was introduced in [10]
over a field and in [1&] over an arbitrary commutative ring, the case A= V;'p x Vi corresponds
to the Icategory strict polynomial bifunctors, contravariant in the first variable and covariant in

db
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the second one, vsed in [8]. The definitions and the proofs generalize immediately when A is a
more general product.

Basic definitions

A stnct polynomial functor F from A to Vi is the following collection of data: for each X €
A, an elemem F(X) € Vy and for each X, Y in A a polynomial Fx y € S*(Hom4(X,¥)") ®
Homk(F (X), F(Y)). These polynomials must satisfy two conditions: (1) Fx x(Idx} = Idr(x),
and (2) tlllepolynomzals (f.g)— Fx y(f)oFy z(g)and (f, g) — Fx z(f og) are equal. Natural
transformatmns between strict polynomial functors F, G are linear maps ¢x : F(X) — G(X)
such that the polynomials f — Gx y(f) o ¢x and f +> ¢y o Fx y(f) are equal. Examples
of strict|polynomial functors are Hom 4(X, —), the divided powers ¥ (Hom 4(X, —)) or the
symmetric powers $4(Hom_4(X, —)). If G is an affine algebraic group acting rationally on a k-
module V and if F; Vy — W is a strict polynomial functor, F(V) is a rational G-module (g € G
acts on F(V) by v = F{g)(v)). More generally:

Lemmal2.1. Assume A = (VEP)"k x (V)*t. Let (Gi)igi<k+e be algebraic groups over k,
let (Vi)igigk be right Gi-modules and (Vi)it1i<k+e be left G;-modules. Evaluation on
(Vi. ... |V, vields a functor from the category of strict polynomial functors with source A to the
category of rational || Gi-modules.

A strict polynomial functor F is homogeneous of degree 4 if all the polynomials Fy y are
homogeneous of degree . It is of finite degree if the family of the degrees of the Fy y is bounded.
We denolte by P 4 the category of strict polynomial functors of finite degree with source 4. Then
the category P 4 splits as the direct sum of its full subcategories Py 4 of homogeneous funciors

of degree d:

Pa=EPaa
dz0

There is!an equivalence of categories Py _4 = Vi induced by F — F(0,...,0).

Remark 2.2.1f A = Py x (V) *¢, we could refine the splitting by introducing multidegrees.
Then the category P4 4 would split as the direct sum of its full subcategories of homogeneous
functors|of multidegree (di, ..., dr+¢), with 3 d; = d. For sake of simplicity, we don’t use
multidegrees. Thus the term ‘degree’ always refers to the total degree of the functors.

Another presentation of strict polynomial functors

We have defined strict polynomial functors as functors from A to Vg endowed with an
additional structure (polynomials). Equivalently, one can define degree ¢ homogeneous strict
polynom'ial functors as k-linear functors from a k-linear category 'Y A to Vi (cf. [16] where
T. Piras}ivili credits Bousfield for this presentation). In this presentation, the pelynomial struc-
ture is encoded in the source category I'¢ A, and strict polynomial functors are genuine k-linear
functors| which may make some statements clearer.

We recall the definition of I'.A. Let > 0, and let A be a finite product of copies of Vj
or its oplposne category. The objects of I"? A are the same as the objects of A4, and the sets of
morphisr'ns are the k-modules Hompa 4{X, ¥} = ¥ (Hom 4(X, ¥)). The identity of X equals
Id%d. Lét’s define the composition. If U, ¥V € V, the group G4 x &y acts by permuting the

e
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factors of the tensor product U'®? @ V®_ The diagonal inclusion &4 ~ AG,; C G4 x S, induces
a morphism j;: rdwy e r4vy— r4U @ v). The composition in I A is defined as the
composite:

I (Hom (X, Y)) ® I {Hom4(Y. Z)) da, r¢(Hom 4(X,Y) ® Hom 4(Y, Z))
— M(Homu(X, 2)),
where the last map is induced by the composition in .A.

The| following key lemma (compare [10, Lemma 2.8 and proof of Prop. 2.9]) induces the
existence of projective resolutions, and will also have an important role in our computations.

Lemma 2.3 (Key lemma). Let d 2 0. Let ¥ = (Y;) € A be a tuple of free k-modules, such that
each Y, has rank greater or equal to d. Then for all X, Z € A the composition in I 4 A induces
an epzmorphzsm.

4 (Hom4(X, V)) ® I (Hom4(Y¥, Z)) — " (Hom 4 (X, Z}).

Proof. | Using the exponential isomorphism for the divided power algebra, one reduces to the
case where A = V4. By natuorality, one reduces furthermore to the case where X, Y are free
k-modules.

If I|=(d1,...,dy) is a tuple of positive integers such that ) d; = d, we denote by &; the
subgmup [184 C &4. If V is a free k-module with basis (b;), and if b;,, ..., b;, are distinct
elements of the basis we let:

Bire.n by 1) = 2 ob, ® @b B ®b;, ---Rb;,).
B Y a— N ——
ocBa/6y d) factors dy factors

Such elements form a basis of (V®4)S¢_ Now we may choose basis (e X (j, 1)), (e©¥ (k, j)) and
(eZ X(k i)) of Homy (X, ¥), Homg (Y, Z) and Homy (X, Z) respectively, such that e Y(k f)e
eV X(ja, i) = e“X(k, i) if ji = j2, and O in the other cases.

To brove surjectivity, it suffices to show that for all tuple 1 = (4, .. ..dy) and all n-
tuple of distinct elements (eZX (k;, is})1<sgn, the map induced by the composmon hits
@2 Xy iD) .. eZX (kn, i), 1) € (Homy(X, 2)®4)84 . To do this, we use that rk¥ > d > n.
Thus we may choose distinct indices ji, ..., jn and form the element:

("X (i) € X Gy in) 1) ® (7T k1, 1), oo €Y (R i), T)-

The map induced by the composition in I’ 4y} sends this element to (e“ Xy, i), ...,
ez'x(kl,,z’,,),l) and we are done. O

Homological algebra

Kerrllels, cokernels, products or sums of strict polynomial functors are computed in the target
category, so that categories of strict polynomial functor inherit the structure of V. Thus, if k is
a field,| P4 and Py _4 are abelian categories. This is no longer the case over an arbitrary com-
mutative ring. Nonetheless, they are exact category in the sense of Quillen [17], with admissible
exact sequences being the sequences 0 — F/ — F — F” — 0 which are exact after evaluation

ud
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on every object X. The theory of extensions in exact categories is very similar to the abelian one.
One min?r change is that Ext-groups are defined in terms of ‘admissible’ extensions (i.e.: Yoneda
composites of admissible short exact sequences), so that we must use ‘admissible’ projective or
injective resolutions to compute them (see also [2] for a recent exposition).

The sltandard projectives are the functors: P)‘? = ' (Hom 4(X, —)), for all X € A. They
satisfy a |Yoneda isomorphism, natural in X, F:

Homp, , (P§. F) = F(X), fr fx(1%9).

If Fis l}omogeneous of degree d and if X = (X1,...,X,) € A is a tuple of free k-modules
such that each X; has a rank greater or equal to d, Lemma 2.3 implies that the canonical map
F(X)® Pg — F is an epimorphism. Since every epimorphism is admissible (i.e.: they admit
a kernel in Py _4) this shows that F has an admissible projective resolution by finite sums of
standard projectives.

If Fle Py 4, then F¥:V — F(V)V is a degree d homogeneous strict polynomial
functor with source the opposite category AP, and we have a natural isomorphism:
Homp , (F,GY) 2 Homp ., (G, FY). By this duality, the functors lj“(' := §9(Hom 4(X, —)) =
(I"“'(Hor'n 40p (X, —)))" are injective. We call them ‘standard injectives’. They satisfy a Yoneda
isomorphism, natural in F, X:

Homp, ,(F, 1)~ F(X)". fr> £ (1d}"),

and each F € P, 4 has an admissible injective resolution by direct sums of standard injectives.
In particular the injectives of Py, 4 are direct summands of finite sums of standard injectives and

we have:

Lemma 2.4. Assume A = (Vp')** x (W) *E. Let d > 0. Then for all tuple (i1, ..., ig+e) of
positive integers, the functor

k k—+£
d . d Bis Bi;
WV Visd > S (@(VS") o PV )
s=1 t=k+1

is an injective of Py 4. Moreover the injectives of Py 4 are direct summands of finite sums of
such functors.

Exampleis
We finish the presentation by giving ingredients to build examples. First, the tensor product

yields a :functor Py A X Pyr.a = Pyya.A- Let Py be the category of degree d homogeneous
strict polynomial functors of with source Vi. If F € Py and G € Py 4, composition of poly-
nomials Iendow X > F(G(X)) with the structure of a strict polynomial functor. In that way we
obtain a functor Py x Py, 4 — Puyar, 4. We can get numerous new examples by combining these
two methods with the following basic examples. The divided powers I'?, the symmetric pow-
ers §9, the exterior powers A7 and the tensor products ®7 are objects of P (and more generally,
so are the Schur functors S, associated with a partition A of weight ). The natural transforma-
tions @4 — ®7 induced by permuting the factors are morphisms in Py, as well as the multipli-
cation AZ— @ A" — A9 and the comultiplication AY — A?~I ® A" if A* = §*, '*, A*. Finally,
the exponential isomorphisms A*(V & W) =~ A*(V) ® A*(W) are morphisms of Py v,

2|
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2.3, Functor cohomology and cup products

Let E* be an n-graded functor in P 4. We call ‘functor cohomology” the extension groups
_ j TS
Extp (E%,—)= €D Extp (E"". ).
jv“lv---sin

If Fi G € P4, we denote by F ® G their tensor product X > F(X) ® G(X). This yields a
biexact| functor: P4 x P4 — P4. Moreover if F <> Ffp — -+~ — Fy — E and F' > Fj —
.. — F} —» E’ are two admissible extensions, their ‘cross product’:

FRF > FR@F— - (ROEGE®F,) »EQF

is once again an admissible extension. (It is an exact sequence by the Kiinneth theorem, to prove
that it is admissible, one just needs to see that the kernels of its differentials have projective
values. |To do this, use its exactness and that for all X € A, E(X) @ E’(X)} is a projective k-
module.) In this way, we obtain an associative cross product in extension groups:

X :Exti“pA(E, F)®EXL‘;‘,A(E’,F’) e Ext,’;;A(E®E’, F®F').

Assume now that £ has an n- -graded coalgebra structure: we have an ni-graded coproduct
Ag: E* — E* @ E* and an augmentation €g: E* — k, where k is considered as a functor of
degree (0, ..., 0). Then we may define an external cup product

U:Ext},  (E*, F) ® Bxtp  (E*, F') = Extp (E", FQ F'),
c®c - Ap{ex )

and aunitk = Ext,P (k. k) AN ExLP {E*, k), which satisfy an associativity and a unit axiom.
These axlomq may be summarized by saying that Extp (E*, —) is a (multigraded) monoidal
functor[lS X1.2].

2.4. Cohomology of algebraic groups and cup products

Let k be a commutative ring and let G be a flat algebraic group over k (i.e.: G is a group
sch‘em\eI represented by a k-flat finitely generated Hopf algebra k[G]). Then the category of ratio-
nal G-modules is an abelian category with enough injectives. The rational cohomology of G with
coefﬁci‘ems in a G-module M is defined as the extension groups H (G, M) = Ext,__ 4k, M)
(k is the trivial G-module).

Theée extension groups may be computed [12, 4.14-4.16] as the homology of the Hochschild
complex C*(G, M) with M @ k[G]® in degree i. Interpreting Cl(G, M) as the set of functions
G*' — M, the external cup product

H! (G, M)® H (G, N) — HL(G.M®N)
is defined at the chain level by sending u € C" (G, M) and v € C*(G, M) to

@U@l s gras) = (g1, o, &) @B vlgri . o, Bras)s
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where #m denotes the image of m € M under the action of g € G. If M = N = R is an algebra
with a rational G -action, then the composite

C*(G,R)® C*(G, R) > C*(G, R® R) = &%, (G, R)

is the internal cup product of [20, Section 6.3], which makes H2, (G, R) into a graded algebra.

Another construction of cup products

Now We want to give another construction of external cup products, in terms of cross products
of extensions, as we did for functor cohomology. Over a field k, this is an easy job: (i) the two
construcuons coincide in degree 0, and (ii) a §-functor argument [14, XII, proof of Thm. 10.4]
shows thlat the two constructions coincide in all degrees. Over an arbitrary ring, exactness of
tensor products fails, so the cross product of two extensions does not always make sense. We
have a weaker statement, proved by ad hoc methods.

Lemma 2.5. Ler G be a flat algebraic group over a commutative ring k and let M, M’ be two
k-flar G modules. Assume that the classes ¢ € H' (G, M) and ¢’ € H*(G, M) are represented
by extensions M — Mo — --- — M, > kand M'— My — -+ — Mg — k whose objects are
k-flat. Then the cross product is an exact sequence:

MM > My@My— -~ (M, @keke® M) »kok.

Its pullback by the diagonal A:k~k®Kk, | +> 1 ® 1 represenis the external cup product c\Uc' €
H P (GIM e M).

rat

Proof. Step 1. Consider the algebra k[G] with G acting by left transiation. Then C* :=
C*(G, Ik[G]) is a differential graded algebra with an action of G [20, Section 6.3]. By [12,
Part I, Chap. 4, Sections 4.14 to 4.16], the complex C* is homotopy equivalent to k concentrated
in degreé 0. Thus, for all G-modules M, M’, the multiplication of C* induces a G-equivariant
morphlsrln of acyclic resolutions over ldygy M RC* @M QC* > MM QC".

Now M ®C*)% = Homg (k, M ® C*) equals the Hochschild complex C*(G, M). As aresult,
we have a commutative diagram:

Homg(k, M & C*) ® Homg (k, M' ® C*) =—=—= C*(G, M) ® C*(G, M")
lf@wa@g lu
Homg(k @k, M C* @M ®C*) C*(G,M®N)

|- |

Homg(k. M @ C*@ M ® C*) Homg(k, M @ M' & C*®).

We deduce that if ¢ and ¢’ are cohomelogy classes represented by cycles f € Homg(k, M @
C*) and|f’ € Homg(k, M’ ® C*), the cup product ¢ U ¢’ is represented by (f ® flo A €
Homg (K, M @ C* @ M' @ C*).

S
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Step 2. Each cycle f € Homg(k, M @ C') defines an extension E(f):M —> M ® c0—
e M®C’ -2 , N1 sk, where N~ isthe subsetofallx e M ® C'~ ! such that (Idy @
N(x) 1s a multiple of £(1).

We claim that E(f) s not only exact, but also homotopy equivalent to the zero complex.
IndeedI let ¢ C* denote the complex k < €0 C!'— ... (thatis, C' =C fori »0and C7' =
k). Then C*, hence M ® C*, is homotopy equwalent to the zero complex. If s*: M ® C”
MgC !, O is the homotopy between 0 and the identity map, then the formula: s =
fork <i and s'=s0 f defines a homotopy between zero and the identity map for E(f).

Step 3. Now we turn to cross product of extensions. One easily shows thatif E: M < - — k
and E" M’ < ... =k are two extensions, and if one of the mwo is either k-flat or homotopy
equlvallent to the zero complex, then their cross product £ x E’ is an exact sequence. We derive
two consequences from this: (1) E(f) x E(f") is an extension, and A*(E(f) x E(f") rep-
resents| the cohomology class [(f @ f7) o Al = [f1U[f] (cf. Step 1 for this equality). (2) If
E. E’' are k-fiat extensions equivalent to E(f) and E( f) then A*(E x E') is equivalent to
AME (|f) x E(f')). Putting (1) and (2) together, we conclude the proof. O

k

3. Rational cohomology of classical groups via strict polynomial functor cohomology

In this section, k is a commutative ring. We show that the rational cohomology of the general
linear f'groups GL,, the symplectic groups Sp, and the orthogonal groups O, » with coefficients
in functorial representations may be computed as functor cohomology. To be more specific, for
G =GL,, the ranonal cohomology is related to extensions in the category P(1, 1) of functors
with sclource V x Vi (i.e.: P(1, 1) is the category of strict polynomial bifunctors, contravariant
in the 1;1rst vanable and covariant in the second one [8]). For the orthogonal and symplectic case,
the cohomology is related to extensions in the category P of Friedlander and Suslin [10] (i.e.:
the category of functors with source V).

Let [us outline the proof. Let G, = Sp,, On,n oF GLy. Set A =V, or Vk x Vi in the gen-
eral Ilnlear case. To each F € P4, we may associate a rational representation Fy, of G,. In that
way, we obtain a §-functor: ¥+ H* (Gp, Fy) (that is, a nonnegatively graded functor, sending
admlssﬂ)le short exact sequences in P 4 to long exact sequences in k-mod, cf. [11]).

On the other hand, we associate to G, a ‘characteristic functor’ Fg € P 4. To be more specific,
for Spn', resp. Oy n, 1esp. GLy, we take Fg = A2, resp. s2, resp. gl(—, —) = Homg(—, —) (the
characteristic functors A2 and $2 appear in the context of finite groups in [7, Thm. 3.21] and
gl app!ears in [8, Thm. 1.5]). Taking the divided powers of F, one obtains a §-functor F —
Epr (F *(Fg), F), which is by definition universal (i.e. it vanishes on the injectives in positive
*- degrfze)

Now we wish to compare these two #-graded 8-functors (we don’t take the gradation of the
divided power algebra into account) by the well-known elementary lemma [11]:

Lemmla 3.1. Let K*, H* be universal 5-functors and let ¢™:K* — H* be a morphism of 8-
functors. If ¢° is an isomorphism, then for all i 2 0, ¢* is an isomorphism.

This is done in four steps.
Step 1; We build a morphism of 3-functors:

Gy Exth (I (FG), =) = Hx (G —n).

gL



Step 2:
Step 3:

Step 4:
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Moreover, we check that ¢, _— is compatible with cup products. To be more specific,
the cup product on the right is the usual cup product in rational cohomology (cf. Sec-
tion 2.4), and the cup product on the left is induced (cf. Section 2.3) by the coalgebra
structure on I*(Fg) (cf. Section 2.1).

We prove that F +» H: (G, F,) is universal. This step involves good filtrations of
G,,-modules.

We prove that the degree zero map ¢gn~ F is injective if 2n is greater than the degree
of F. This step relies on an explicit functor computation.

We prove that the degree zero map ¢gn.  is an isomorphism if 2n is greater than the
degree of F. The surjectivity is proved via classical invariant theory,

Let us now give the details.

3.1. General linear groups

Let k
with sou

be a commutative ring, and let P(1, 1} be the category of strict polynomial functors
rce V{:p x V. For any F € P(1, 1), F, denotes the rational representation of GL, with

underlying k-module F(k", k"), and with action of g € GL, given by F (g~', g). In particular,

for gi(—

—} := Homy (—, —), one recovers the adjoint representation gf, of GL,. Since Idx- €

gl,, is invariant under the action of GL,, for all d 2 0 we have an equivariant map:

ik — Mgl A Al

Step 1: construction of ¢¢y, r. Since F splits naturally as a direct sum of homogeneous

bifunctolrs, it suffices to do the construction for a homogeneous bifunctor F. The bifunctors
righ are homogeneous of degree 2d. As a consequence, if F is homogeneous of odd degree,
then Ext,’;,(1 l)(I* *(gD), F) = 0 and we define ¢gr,,, r as the zero map. If F is homogeneous of

even deglree 2d,aclass x € Ext,i,“ | )(F*(gt), F) 1s represented by an admissible extension

We defin

0—->F—>F0—+---—>Fj_|~>1*d(gl)—>0.

e ¢or, Fx) € H;;t(GL,,, Fp)= Ext‘&Ln_mod(k, F,} as the class of the extension obtained

by evaluation on (", k") and pullback along ¢/

Lemma
Hr"fll (GL,

0> Fy > FO— oo B (gl - 0).

3.2 (Completion of Step 1). For all n 2 0, the map ¢¢r,, :Exrj}},(l ])(]"*(gl), -) =
—u) is a map of S-functors. Moreover it is compatible with cup products:

4

b6, Fer (x UY) = dgr, rF(x) Udgr, r (¥}

Proof. Straightforward, except for the compatibility with cup products, which we now give in

detail. S
to prove
where F
represen
are admi

nce a bifunctor splits naturally as a direct sum of homogeneous bifunctors, it suffices
the compatibility for homogeneous F, F'. Furthermore, one easily reduces to the case
and F' have even degrees 2d and 2d’. Let E and E’ be two admissible exact sequences
ing classes x € Extfp(l‘”(Fd(gl), Fyand y € Extfp(l‘l)(l“d’(g[), F"). Since E and E’
ssible, their kernels are bifunctors with projective values, As a result, evaluation on
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k", ik"') and pullback by Ay d' yield k-projective extensions WEE), d'*(E’ ). By Lemma 2.5,
the cohlomology class ¢gr,,, F(x) U gy, r(¥) is represented by the pullback of the cross product
(T (E ) x ' *(E!) by the diagonal k — k ® k. Now the diagonals of k and I"*(gl) induce a
commutative diagram

k kek

’ r
l d+d l [d®[d

’ A ’
ré+d gty — rdgly® rgl,).

Thus (4*+4*((E U E'),) equals ¢ *(E,) U@ *(E) and we are done. 0O

* (GL,, Fy) is a universal §-functor. Now we prove that H;(GL,, Fy)
vanishqs when F is an injective functor of P(1, 1).

A Chevalley group scheme over Z is a connected split reductive algebraic Z-group. A Cheval-
ley grolup scheme G over a commutative ring k is a group scheme obtained by base change from
a Chevailey group scheme Gz over Z: G = (Gz)g. If we deal with Chevalley group schemes
(such as GL,, SO, ., Sp,, etc.), cohomological vanishing over arbitrary ground rings k can often
be reduced to the case where k is a field by the following standard lemma.

Step 2: F > H;,

Lemma 3.3. Let Gz be a Chevalley group scheme over the integers, acting rationally on a free
Z-modile M of finite type. Denote by Gy the group obtained from Gz by base change. The
Jollowing assertions are equivalent:

(i) The cohomology groups H'. (Gz, M) are trivial for i > 0.
(i) Folr all field k, rat(G]k, MRk)y=0fori=>0.
(iii) For all commutative ring k, HL (Gy, M ® k) =0 for i > 0.

Proof. [ (iii) = (i) is trivial. (i) = (iii) and (i) = (ii) follow from the universal coefficient theorem
[12, Part 1, Chap. 4, Prop. 4.18]. So it remains to prove (ii} = (i). By the universal coefficient the-
orem, (u) implies that for all field k, H ‘a[(GZ, M)®k=0. But Gz is a Chevalley group scheme,
so the cohomology groups ﬂ[(Gz, M) are finitely generated by [12, Part 11, Lemma B.3]. So
the equality H., (Gz, M) ® k = 0 for all field k implies that H.,(Gz, M) =0. O

Lemma 3.4. Let k be a commutative ring. Let J be an injective in the category F(1,1) of
b:functlors defined over k. Then H, a[(G‘Ln, J)=0ifi>0 Asaresult, Fi—> H} (GLy, Fy) isa
universal §-functor.

Proof By Lemma 2.4, it suffices to prove the vanishing on the injectives of the form
f H{V, Wi Sd((VV)‘Bk & W, fork, £,d > 0. The GL,-module associated to Ik ¢ by eval-
uation on (i, k") is a direct summand of the potynomial algebra over the sum (kM @ (k"V)®E.
Thas, lt suffices to prove that for all integer k, £, and for all commutative ring k, we have
HE(GLy, S* (&™) @ (k7)) = 0 for i > 0.
By Lemma 3.3, this statement reduces to the case where k is a field. In this laiter case,
S* (k" V)EBI‘ & (]k")@g) has a good filtration [ 1, Section 4.9, p. 508]. In particular, the cohomology
vanishes in positive degree. O

g4
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Step 3; injectivity in degree 0.
Lemma3.5. Let d 2 0, let n = d and ler X =k". There is an epimorphism:
0: PE yy— T (gh.

Moreovelr; if we evaluate the bifunctors on (X, X), then 0(x x) sends ld(x‘x)‘gz“' € P(Z)‘(j‘x)(X, X)
to Idx®% € r'*(Hom(X, X)).

Proof. The exponential isomorphism for the divided powers induce an epimorphism of P(z)‘({ X

onto [‘d!(Hom(— X)) ® M (Hom(X, —)) Moreover, if we evaluate on (X, X), this epimor-
phism sends Id(x ¥ o Idg( xn ® Id(X x)- If we postcompose this map by the map from

M Hom(—, X)) ® Fd(Hom(X —)) to Fd(gl) induced by composition in Fde, then the re-
sulting map sends ld( Y.x) 0 Idx®9, and is an epimorphism by Lemma 2.3. O

Lemma |3.6 (Completion of Step 3). Let F € P(1,1) be a b:ﬁmctor defined over a commuta-
tive ring{Kk. If 2n is greater than the total degree of F, then ¢GL F :Homp(1 1y (I (gh, F) —

HY (GLj, F,) is injective.

Proof. Since F splits as a direct sum of homogeneous functors, we can restrict to the case of ho-
mogencous  functors. Moreover, if F is homogeneous of odd degree, then
Homfp(lll)(r (gh, F) =0 and ‘?{’GL _p 1s injective. Now we assume that F is homogeneous
of degree 2d. Let X =k", with r 3> d. By Lemma 3.5, we have a commutative diagram:

Hompy, ])( (X.X)° ) F(X,X)

Hompn.l)(@-F)T J
48,

d Ln F 0
Homp( (I (gh, F) ———— H(GLs. Fy).

The horizontal arrow is the Yoneda isomorphism. Since € is an epimorphism, Hom(¢, F) is
injectiveI Thus, ¢'(C)FL,, £ isinjective. O

Step 4: isomorphism in degree 0. Recall from Lemma 2.4 that for all £, £ = 0, If ¢ denotes
the d-th symmetnc power of the bifunctor (V, W) — (vt g W®¢ The evaluation of Ik ;on

the pair (lk” k™) equals the GL,-module of homogeneous polynomials of degree 4 on the vector
space (k)% @ (k") For 1 <i < kand 1 € j < ¢ we denote by ({|) the contraction:
i (k)™ e &)™ >k,

(01, Vs fla - JO B filu)

The contractions are homogeneous polynomials of degree two (invariant under the action of
GLy), hence elements of (1,(22),,.
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In fact, by [6, Theorem 3.1], these contractions generate the GLj-invariant subalgebra of the
algebra! of polynomials over (k")®* @ (k"")®. We use this fact to prove surjectivity of the

¢ 1,,.F jpelow.

0
GLu 1

Lemma 3.7. For all n = | and all k, € = 1, the contractions lie in the image of ¢
Proof. [Let p:gl(V, W) > VYV @ W — S2(VY @ W) be the map induced by the exponential
isomorphism for S2 Let (&) <ign be abasis of k" and let (e;’)lg_ig,, be the dual basis. Then for
V= Wi =k"*, psends Idn = }_ e ®@¢; to 3_(¢], 0)(0, ;) (we denote the elements of K"V B k"
as pairs). This latter polynomial is nothing but the polynomial k" & Y =k, (v, HH> fv).

Now denote by i j the inclusion of V¥ & W in the i-th and j-th term of (VV)Bk g wet,
Then for all {, j, ¢gLan2£ sends $2(1;j) o p to (ilj). O

Lemma 3.8. Forallk,¢{,n 2 land alld = 0, qbng_ induces an epimorphism.

Homp 1y (7D, If.g) = HA(GLn, (If4),)-

Proof. [By Lemma 3.2, ¢y, — is compatible with external cup products. In particular, if A*isa
graded bifunctor endowed with an algebra structure, we obtain an algebra morphism:

¢?}L,.,A* :Hompq, 1) (I (gD, A™) — H,?u(GL,,, A¥).

We apply thisto A* = I:,e- By invariant theory {6, Theorem 3.1], Hr‘;t(GLn, (I,’("‘E)n) is generated
by the contractions (i}7). By Lemma 3.7, the coniractions are in the image of ¢?;Ln i, This

proves surjectivity, O

Lemma 3.9 (Completion of Step 4). Let F € P(1, 1) and let n be an integer such that 2n 2 deg F.
Then ¢>ng  is an isomorphism.

Proof. | By Lemma 2.4 and by left exactness of F — Hom(/™(g/), F) and F HY (GLy, Fu),
it sufﬁ(',es to prove the statement for the ]f\ ¢ k,€ > 1,d = 0. For these bifunctors, the isomor-
phism follows from Lemmas 3.6 and 3.8. O

Theor(iem 3.10 (The GL, case). Let k be a commutative ring, and let n be a positive integer. For
all F € P(1, 1) we have a x-graded map, natural in F:

$GLy.F  Extpg 1) (I (D), F) = HE(GL, F).
The map $qr,,r is compatible with cup products:
P61, Fer (X UY) =écr, F(X) UL, F(¥).

Moreover, ¢g,, r is an isomorphism whenever 2n 2 deg(F).
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Proof. The first part of the theorem is given by Lemma 3.2. It remains to prove the isomorphism.
By homogeneity, it suffices to prove the isomorphism for homogeneous functors of degree d <
2n. To d(l) this, we restrict ¢z, — to the subcategory P4(1, 1) of homogeneous functors of degree
d and we apply Lemma 3.1. O

Remark 3.11. This theorem was already known over a positive characteristic field k: a k-linear
lsomorphlsm is built in [8, Thm. 1.5], and compatibility with cup products is proved in [19,
Thm. 1. 3] However, our proof is new and extends the result to arbitrary commutative rings.

3.2, Symplectic groups

Let k be a commutative ring, and let P be the category of strict polynomial functors with
source Vk Let {e;)1gigen be a basis of k" and let (¢;)Y’ 1<i<on be its dual basis. Forall n > 0 we
denote by Sp, the symplectic group, that is, the algebralc group of 2rn x 2n matrices preserving
the skew -symmetric form: w, =) ;e ne +i- The standard representation of Sp, is k2"
with ]eft action given by matrix multlpllcanon For all functor £ € ‘P, we denote by F, the
rational Sp,, -module obtained by evaluating F on the dual (k**)V of the standard representation.
In particular for F = A2, A% is the k-module of skew-symmetric forms of degree 2. Since w, €
A? is invariant under the action of Sp,,, we have for all d > 0 an equivariant map:

ik — I (AL), A re®

Step 1: construction of ¢s,  r. By homogeneity, it suffices to do the construction for a ho-

mogeneous functor F of degree 24. In that case, aclass x € Ext,p(l ])(F*(A ), F) is represented
by an admissible extension

0 F—F'w ... 5 Fi-ls ri(af) > o.

We define ¢s,, F(x) € H2y(Sp,, Fn) = Bxt}, q(l, Fr) as the class of the extension obtained

by first evaluating on (k?")", and then taking the pullback along t¢. The proof of the following
lemma is analogous to the GL,, case.

Lemma3.12 (Completion of Step 1). For all n 2 0, the map ¢sp, - Extp(I *(AD), =) —
H (Sp,t —4) is a map of 8-functors. Moreover it is compatibie with cup products: ¢sp, Fer (x\U

¥) = sy, F(x) U¢’Spn.F’(y)-

Lemma 3.13 (Step 2). Let k be a commutative ring. Let J be an injective in the category P of
Junctors Edeﬁned over k. Then H! (Sp,, J,) =0if i > 0. As a result, F — H}(Sp,. Fy) is a
universal §-functor.

Proof. By Lemma 2.4, it suffices to prove the vanishing on the injectives If SV s 84 (Ve”‘ ),

fork, d ? 0. As in the case of GL,,, it suffices to show the vanishing of H, :at(Spn, S*((lkz"v)ﬂak))
i=0, when k is a field. Once again, this vanishing comes from the existence of a good filtration
(1, Section 4. 9, pp. 508-509]. O

Step 3: injectivity in degree 0. We need a variant of Lemma 3.5.
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Lemma 3.14. Let 4 2 0, let n = d and let X, X' be two copies of K" with respective basis
(ef)lg;ign and (e;)nt1<igon. There is an epimorphism

0: Pigy — I'(®7).

Morec?\;en if we evaluate the functors on X ® X', then Oxgyx: sends Id?gjx, to (31,6 ®
)} B
enyi}T.

Proof. | The exponential formula for the divided powers induce an epimorphism from PX@ X
onto rld (Homg (X, —)) ® I'? (Hom]k(X’ —)). f we evaluate the functors on X @ X', this
epimorphism sends Id?gx, to mX ® mxfl, where iny,iny- are the inclusions of X, X’
into X{& X’. Now there is an isomorphism X — (X")¥ which sends ¢ to e o for all
i, where (e[_l_n) is the dual basis. This induces an tsomorphism from Fd(Homlk(X N ®
ré (Homk(X’ —)) to F‘i(Homk(wV XN ® 7 (Homy (X', —)), which sends (after evaluation
on X G? XNi mX ® mX, to (S e ®ern)® ® el,® ei1n)®?. If we postcompose by the
map from r(Homy (=Y, X)) ® M (Homy (X', —)) to 4 (®?%) induced by the composition in
riy then by Lemima 2.3 we obtain the required epimorphism. O

Lemma 3.15 (Completion of Step 3). Let F € P be a funcior defined over a commutative ring k.
If2n 2z\deg F, then ¢gLﬂ, F i5 infective.

Proof. |Using Lemma 3 14, we obtain an epimorphism 6 : P(lk2")v —» I'(A%) which sends

1d%% 1o w®d Thus, factorizes as the composite of the injection Homp(@, F) and the
(k21)V GL F P

Yoneda isomorphism Homp( B FY~ F(X & X'). Hence ¢gL"_F is injective. O

Lemma 3.16 (Step 4). Let F € P be a functor defined over a commutative ring k. If 2n z deg F,
then ¢gn Fisan isomorphism.

Proof. |By Lemma 2.4, and left exactness of F — Homp(I*(A), F) and F — Hmt(SPn Fy),
it sufhnl,es to prove the isomorphism for the functors of the form Id V> S4(VEh), for
k=21 and d < 2n. Lemma 3.15 already gives injectivity. It remains t0 prove surjectivity.
But q&q[ I :Hom(I"*(A?), I — HO(Sp", (I)n) is an algebra morphism, so we only have to
prove that the generators of HG(Sp,,, (I7)n) lie in the image of ¢?*. Now (i}, is the poly-
nomial [algebra over k copies of the standard representation of Sp, * Invariant theory gives [0,
Thm. 6! 6] the generators of H O(Spn, (£f)n): they are homogeneous polynomials of degree two

(il j): (]kZ”)@" >k, 1 €< j<k, sending (vy,...,vy) t0 (v, v;). In particular, if k = 1
H 0(Spn, (I})r) =k and the surjectivity of qbo , 18 clear. So the proof will be completed if we

show thlat the (i|f) lie in the image of qb o2 for k>

Let V, V' be two copies of V € 1i. The exponential isomorphism for $2 yields a monomor-
phism V ® V' — SX(V & V). Now if we take V' =V, and if we precompose by the inclu-
sion AZ(V) — V®2 we get a natural transformation p: AX(V) — S2(V @ V). If V = k¥,
with basis (e[ Nigigon, then p sends e( A e}’ to (e! (0, e;’) — (e} M{0, 81\/) (we denote

the elements of k"~ @ k2" as pairs). Thus, p sends w, to the sum > 7, (e, 00(0,¢7,,) —
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Z?zl(e.\"._m, 0)(0, ¢}’), which is nothing but the polynomial k¥ @k — Kk, (x,y) — wy(x, ¥).

i
For i < j, we denote by ¢;, ; the inclusion of V @ V into the i-th and the j-th term of the sum

V& Then #sp, send the natural transformation §? (i, /) o p to (i|f) and we are done. O

Theorenll 3.17 (The Sp,, case). Let k be a commutative ring, and let n be a positive integer. For
all F € P we have a x-graded map, natural in F:

Dsp,. b\ EXp (I (A7), F) = Hey(Spn. Fr)-
The map ¢sp, .F is compatible with cup products:

¢sp, Far(x Uy) =d¢sp, r(x)U s F(¥)-

Moreover, ¢sp  r is an isomorphism whenever 2n = deg(F).
3.3. Orthogonal groups

Let k be a commutative ring, and let P be the category of strict polynomial functors with
source V. Let (e;}1gig2n be a basis of k2" and let (e,-)}’< i<on be its dual basis. Forall # > 0
we deno:te by Oy, the algebraic group of 2n x 2n matrices preserving the quadratic form
qn = 3 1i_q €’ ey, ;. The standard representation of Oy, is k2* with left action given by ma-
trix multiplication. For all functor F € P, we denote by F, the rational O, ,-module obtained
by evalu'ating F on the dual (k¥*)" of the standard representation. In particular for F = 52, S,%
is the k-inodule of polynomials of degree 2 over k2. Since g, € 52 is invariant under the action
of Oy n, |w'e have for all 4 = 0 an equivariant map:

@ik — T4(82), A rgPl

The case of the orthogonal group is analogous to the case of the symplectic group, except for
a restriction on the characteristic of the commutative ring k which is needed in step 2 only.

Step 1: construction of ¢q, , r. We follow rigorously the symplectic case. If F is homo-
geneous |of degree 24, a class x € Ext/ (I*(§%), F) is represented by an extension 0 — F —
o= (82 - 0. We define $0,,,.r(x) as the class of the extension obtained by evaluation on
(k2")¥ and pullback along 4. We have:

Lemma|3.18 (Completion of Step 1). For ali n 2 0, the map ¢g,, — :EXL",‘;(F*(SZ), —-) =
HX(Oppn,—n) is a map of S-functors. Moreover it is compatible with cup products:

00,0 Fap (x U ) = 90, ,, 7 () U b0, .7 (¥)-

Step 2: F > H* (Op ., Fy) is a universal §-functor. We want to prove that H3 (O n, Fr)
vanishesj in positive cohomological degree when F is an injective of . But the case of the
orthogonal group is slightly different from the general linear and symplectic cases. Define SOy »
as the kernel of the Dickson invariant, or equivalently as the kernel of the determinant if 2 is
invertible in k (see [13, p. 348] or [4] for details). Then we have an extension of group schemes:

50y <1 O n — ZJ2Z.
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And 50, , is a Chevalley group scheme. Now [1, Section 4.9, p. 509] gives vanishing results for
SOy n:

Lemma 3.19. Let k be a commutative ring and let J be an injective in the category P. Then
Hi 3 ($Ou 0, Jn) = 0 fori=0.

Proof. IBy Lemma 2.4, it suffices to prove the statement for the injectives If V> §4(voky,
for k,d‘ > 0. By Lemma 3.3, it suffices to prove the vanishing over a field k. In that case, [1,
Section 4.9, p. 509] yields a good filtration on $* (k" Vy®k), whence the result. O

But we want a vanishing result for the cohomology of O, ,, not for SO, . The Lyndon-
Hochsclhild—Serre spectral sequence [12, Part 1, Prop. 6.6(3)] yields a graded isomorphism

| HE(Z)2Z, HY(SOn s Jn)) = Higg(On s In)-

Here comes our restriction on the characteristic. If 2 is invertible in k, then Z/2Z is linearly
reductive (Maschke’s theorem} hence has no cohomology, so we get:

Lemma 3.20. Assume 2 is invertible in k. Then for all J injective in P, and for all positive i,
H,‘at(O,!,‘n, Ju) equals zero. So F > H(Oyn, Fr) isa universal 3-functor.

Remarlk 3.21. If 2 is not invertible in k, then the finite group Z/2Z may have nontrivial coho-
molog){, so the above argument does not work. In fact, not only the proof but also the statement
of Lemma 3.20 is false when 2 is not invertible in k. So our restriction on the characteris-
tic is n:ecessary. Indeed, consider the constant functor k € P. Then k is injective in P, and
H,gt(SOH'n, k) =k, so HY (Onn. k) = HL(Z/2Z k). Take k a field of characteristic 2. Then

H: (Z)2Z,%) ~k for all i, 50 F = H3(Onn. Fy) is not universal,

Lemma 3.22 (Step 3). Let F € P be a functor defined over a commultative ring k. ff2n is greater
than the total degree of F, then ¢>?)n LS infective.

Proof. | We use Lemma 3.14 to produce a suitable epimorphism 6 : P(zk‘én)v — (8%, so that
#? . p is the composite of a Yoneda isomerphism and the injective map Homp(8, F). O

Lemma 3.23 (Step 4). Let F € P be a functor defined over a commulative ring k. If2n 2 degF,
then q)%n .F s an isomorphism.

Proof.! As in the symplectic case, it suffices to prove surjectivity for the functors If (V) =

S4(v®5y d > 0,k > 1. Using compatibility with cup products, the proof reduces further-

more to proving that gt% ;= hits the generators of the invariant ring H&(OM, () =
n.nadp

H&(OL_", S*((k2Vy®Y), for all & > 1.

Let b, be the bilinear form associated to g,. By [6, Thm. 5.6], a set of generators is given by
the homogeneous polynomials (7| /) 1gi<jk of degree 2, which send (vq, ..., v) to ba(v;, v;),
and by| the (i|i)1gign of degree 2, which send (vy,.... ) to g(v;). For 1 <i <k, lety; be
the inclusion of V into the i-th term of V&, Then q&% 12 sends Sz(ti,,-) to ({{{). Assume now

n i d )
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that 1 <: < j < k. Denote by ¢ ; the inclusion of V & V in the i-th and the j-th terms of
y ek, Let also p be the composite S2Vy=> V@V - S3(Ve V), where the second map is
induced; by the exponential isomorphism for $2 Ifwe take V =k, then p sends g, to the sum
S 1(‘3; NOT(r +n)+Z:! 1€, 00, e}, which is nothing but the polynomial kK gk —

k, (v, w) > by (v, w). Thus, 4)0 i sends the natural transformation $2(z;, jyopto{i|j). This

conc]udl:s the proof. O

Theorem 3.24 (The On n case). Let k be a commutative ring, and let n be a positive integer. For
all F €°P we have a x-graded map, natural in F:

G0, 7 EXCp(I*($7), F) = Hal(Oun. Fr).
The map $o, ,.F is compatible with cup products:

b0, rer (xUy)=¢o,, r(x}Udg, , r(¥).

Moreover, if 2n is greater or equal to the degree of I and if 2 is invertible in k, then ¢o, . F IS
an isomorphism.

4. Products of classical groups and cohomological stabilization

In this section, we use Kiinneth formulas to extend the link between functor cohomology and
rational [cohomology to products of classical groups. We also prove the cohomological stabiliza-
tion property for classical groups and their products.

4.1. External tensor products and Kiinneth isomorphisms

Let |l|§ be a commutative ring and for i = 1,2, let .4; be a finite product of copies of Vg or
its opposite category. If F; € P4,, i = 1,2, their external tensor product Fi B F3 1s the functor
sending! (X, Y) to F(X) ® F(Y}. This yields a biexact bifunctor

—R—:Py4, xPa, = PayxAr
Let us give some well-known [18,9,8] properties of external tensor products:

Lemma 4.1, For all X; € A;, external tensor product of standard injectives satisfy the formula
Ix] B I* o~ I(x X2y and we have a commutative diagrant:

W .
Hom'pA] {Fy, I;l) ® H()m'pJ12 (Fa, I;Z) _ - HO'“PA. <A (F1 & F, I(Xi‘Xz))

- :

F1(X)Y @ F2(X2)Y Fi(X))Y ® Fa(X2)Y,

where tlhe vertical arrows are Yoneda isomorphisms. Moreover, if [ is a field, then for all
Fi, F.G1, Gy, — R — induces an isomorphism.:

EXL}A, (F1,G1)® Extf',{;.A2 (F2, Ga) = ]E)(L";‘;,A]XA2 (FIE Fp, Gy HGo).
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Representations of algebraic groups have a similar external product. For i = 1,2, let G; be an
algebriiic group over k and let M; be a G;-module. The k-module M @ M- is naturally endowed
with the structure of a G} x G2-module, which we denote by M) X M3. A computation on the
Hochschild complex gives:

Lemn}a 4.2. Fori = 1,2, let G; be a flat algebraic group over k and let M; be ak-flat acyclic G-
moa’ulg. Assume furthermore that Hgl(G;, M) is k-flat. Then M) R M2 is an acyclic G1 x G2-
module and we have an isomorphism:

HY.(G), M1) ® HS\(Ga, M2) = Ho(G 1 x G2, M1 B M2).

Moreaver, ifk is a field, then for all My, M2, — & — induces an isomorphism.

HY (G, M) ® Hj (G2, M) = HE (G x G, M1 B M),
4.2. Application to products of classical groups

Let k be a commutative ring. We want to extend the results of Section 3 to algebraic groups
Gy over k which are finite products of classical groups.

To deal with products, we need some notations. Assume that G, = [1Y%, Gi, where G, =
GL,. Sp,, ot Oy . To each factor G, we associate a category .4;, a ‘characteristic functor’ Fgi €
P4, of degree two, a representation V" € A; and an invariant e € Fg (V) like in Section 3:

G GL, P Onn

A; Gf, VEP x Ve W Vk
Fgi gl A% s?
v k", k") 21 v k2 v
8? Idg- Wp dn

Foralld =0, let H: ]_[!N:1 P4, = Pp1.4; be the functor induced by the direct sum. We define:
A= I—[Af, Vii= (Vi"), Fo =W Fgi, "= (e?).
i

Terminology 4.3. Let G, be a finite product of the GL,, Sp,, or O,.,. We shall often denote by
‘P¢ the category of strict polynomial functors with source A as above. We refer to these functors
as thelfunctors ‘adapted to G,". Indeed forall n 2 1, since the Vi" have a structure of G;-module,
evaluation on V" € A yields a functor

Pec — Gp-mod, Fis> Fy=F(V").

Exanllple 4.4. If G, = GL, x Sp,, then Pg is the category of strict polynomial functors with
source Vip «® Vi % V. For all # > 1 and any functor ¥ adapted to G, the rational Gy -module
Fy ec{uals Fk®, k", (k*)¥) as a k-modute, and an element (g, s) € G, acts by the formula
v F(g_],g, syv).

Ll
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Theorem 4.5. Let k be a commutative ring, let n be a positive integer and let G, be a finite
product |f;vf the algebraic groups (over k) GL,,, Sp, and Oy . For all F € Pg we have a x-graded
map, natural in F:

¢G,. 7 ‘Extp (I (Fg), F) — Hy(Gy, Fy).

The map ¢, — is compatible with cup products:

¢g, rer(xUy)=dq, rlx)Udg, r(y).

Assume that 2n is greater or equal to the degree of F. If one of the factors of G,, equals Oy 5,
assume furthermore that 2 is invertible in k. Then ¢, F is an isomorphism.

Proof. Once again we use a é-functor argument.

Step 1. We build ¢¢,, F. First foralld, M (Fg) is homogeneous of degree 24, so by homo-
geneity it suffices to do the construction for a degree 24 homogeneous functor F. The element
e" € (Fg), = Fg(Vy) is G,-invariant, so we have a Gp-equivariant map ¢k = T(Fg)n),
A A(e)®d,

Now aclassin x € Ext";,A(F*(Fg), F) is represented by an extension F < --- — % (Fg).
We define ¢g,, r(x) as the class of the extension obtained by evaluation on V™" and pullback
by . Following the proof of Lemma 3.2, we check that ¢, #(x) is a map of 3-functors, com-

patible with cup products.
Step 2. Using the exponential isomorphism for $* and Lemma 2.4, we see that the injectives

of P 4 are (direct summands in) finite direct sums of injectives of the form &g\’: ¥ 4 where 1%
is either an injective of the form IEE or I{¥, according to the fact that 4; = Vi¥ x Vg or Vi.

Using this and Lemma 4.2, we obtain that F — H},(G,, F,) is a universal 8-functor. By
definition, F +— Exr:"PA (I (Fg), F) is also a universal §-functor.

Step [3. So to finish the proof, it suffices to prove that ¢vgm F is an isomorphism if
2n = d,| where 4 is the degree of F. By left exactness of F > Hgt(Gn,Fn) and F —
Homp , ({™(F¢), F), it suffices to prove the isomorphism for F = IZ]r.:lld", with ¥ d; < 4.
But in that case we have a commutative diagram:

0
@9,
¢G;t‘.,d,—

& Hom'P_a,- (I (Fgi), 1) X Hr?u(va (%)),

- :

Homp , ®], ™ (Fg1). 7L, 1) HO(Ga. (B 1%)m)

F

. N g, GnbLy 1
HOIII‘,DA(F (FG)sg,':[I )

Since for all i, /% is a functor of degree d; < d < 2n, we deduce that the horizontal map of the
diagram,i hence d)g BN i is an isomorphism. This concludes the proof. O
LRy S|
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4.3. Cohomological stabilization

We keep the notations of Section 4.2. In particular, k is a commutative ring and G, = []; Gi,.
where the G, are copies of the algebraic groups GLy, Spy, or Oppn over k, and V" denotes the
tuple ( V") where the V" are G! -modules (or pairs of G}-modules in the general linear case).

Let ns £ m be two positive integers. For all / we have a standard embedding ¢; : G’ — G'
and a standard Gj,-equwarlant map 7; : V" — V. Lett = [1¢ and = =[] 7;. The pair (:, n')
induces a morphism in rational cohomology:

Gum 1= HE( G, F(V™)) > HE (G, F(V™)) 225 HE (G, F(VY)).

Now Theorem 4.5 implies:

Corollary 4.6. Let k be a commutative ring, let n be a positive integer and let G, be a finite
pmduclt of copies of GLy, Sp,, or On .. Let F € Pg be a degree d functor adapted 10 Gp. Let
n,m be two positive integers such that 2m > 2n = d. If the orthogonal group appears as one of
the factors of G, assume furthermore that 2 is invertible in k. Then the morphism

On.m H:;t(Gm» Fu) = Hmt(Gns Fa)

is an isomorphism.
Proof.| We check that (Fg)m Fola), (Fg)n sends €™ 1o €*. Thus ¢, F = @n,m © O, F, a0d We
apply Theorem 4.5. O

Remark 4.7. Corollary 4.6 is a good illustration of the differences between our methods for
classical algebraic groups and the methods of [9,7] where classical groups over finite fields are
considered as finite groups. Indeed, in our case the cohomological stabilization is a byproduct of
the proof, whereas in the finite group case it is needed as an input for the proof.

Notatmn 4.8. If G, is a product of copies of GLy, Sp,, or Oy 4, and if F is a strict polynomial
functor adapted to G, we denote by H3(Gao, Foo) the stable value of the H ot Gy F).

5. Products and coproducts on functor cohomology

In this section, k is a field {we need this condition because we use in many places the Kiin-
neth islomorphism of Lemma 4.1). We study product and coproduct structures which arise on
functor cohomology ExL}; (E*, —). Our purpose is to generalize and clarify the tools of [9,
Lemmas 1.10 and 1.11].

Sections 5.1, 5.2 and 5.3 are introductory. We recall the definition of ‘Hopf algebra functor’,
we introduce the notion of ‘Hopf monoidal functor’ (which is useful to describe structures on
strict polynomial functors E*, as well as the structures on functor cohomology Ext*(E*, —)).
Then we recall a classical tool of functor categories {9,8], namely, the sum-diagonal adjunc-
tion. This tool is the key for the existence of coproducts and more generally of Hopf monoidal
structures on functor cohomology.

&4
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With these tools at our disposal, we make an attempt to classify the Hopf monoidal structure
which may arise on extension groups of the form Ext*(E*, —). To be more specific, we give in
Section 5.4 bijections between:

(1) Hopf algebra structures on E* (denoted by (mg, 1g, Ag, €g)),
(2) Hopf monoidal structures on E* (denoted by (u, 17, A, €)},
(3) Hopf monoidal structures on Hom(E*, —).

Taking i?jective resolutions, these structures yield Hopf monoidal structures on Ext*(E*, —).

In fact, we don’t need the classification of Hopf monoidal structures on Ext*(E*, —) for our
applications. We only need Theorem 5.16 which states that a Hopf algebra structure on £ *in
duces a Hopf monoidal structure on Ext*(E*, —), and gives two equivalent descriptions of the
external Icup product. But [9, Lemmas 1.10 and 1.11] use a superfluous hypothesis (the functors
need not be exponential), and also has a sign problem, so we thought it was worth clarifying the
situation.

Convennrm on gradings

Ifn > 0 is an integer an n-graded object is a family of objects indexed by n-tuples of non-
negative!integers. (Thus, a O-graded object is a family indexed by the empty tuple *()’, in other
words a|0-graded object is just a nongraded object.) We denote n-gradations by a single ‘s’
sign. If » = (i1, ..., 4) and = = (j1,---, jn)s then = + * is the tuple (/) + j1,-.-.in + ju)s
sw= (i i|,...,injn) and | ¥ | is the integer } iy (in particular |(}| = 0).

We o;ften drop the gradings and write X for a multigraded object instead of X* when no
confusion is possible.

5.1. Hopf algebra functors
In thils section and in the remainder of the paper, we define Hopf algebras as in [14], that is
without requiring an antipode.

Thus if F * is an n-graded functor from a category C to the category of k-vector spaces, an “n-
graded Hopf algebra structure on F*" is a tuple (mp, 15, Ag, €F) of n-graded natural maps

FOOBIE Py, kB P00, PSS PP P05k
such that for all X € C, F*(X) is an n-graded Hopf algebra.
5.2, Hopf monoidal functors

Let lki be a field, and let (C, O, &) be a symmetric monoidal category [15, VIL7]. We consider
the category k-vect of k-vector spaces as a symmetric monoidal category, with monoidal product
the usua] tensor product over k. We fix an n- graded functor F*:(C — k-vect. We regard k as an

n- grade(ii constant functor concentrated in degree (0, ..., 0). An n-graded monoidal structire on
F* is a pair (i, ) of n-graded maps:

wi FYX)® F*(¥Y) — F*t(Xx0OY), n:k— F*(e),

G5
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which satisfy an associativity and a unit condition [15, XL.2]. By reversing the arrows, one ob-
tains tl’lle notion of an n-graded comonoidal structure (A, €) on F*. A monoid in C 1s an object
equipped with a multiplication MOM — M and a unit e - M satisfying an associativity and a
unit condition [135, VIL3]. By reversing the arrows one gets the definition of a comonoid in C.
The following lemma is straightforward from the axioms:

Lemmla 5.1. Let F*:C — k-vect be an n-graded monoidal functor and let M be a monoid in C.
The maps: '

FX(M)® F*(M) &5 P (MOM) — F*T (M), k5 F*(e) > F*(M),

make F*(M) into an n-graded algebra. In particular, F*(¢) is an n-graded algebra. Similarly,
an n-graded comonoidal funcior sends a comonoid to an n-graded coalgebra, and F*(e) is an
n-graded coalgebra.

Let|r be the isomorphism X @ ¥ =, ¥ ® X, and let T* be its n-graded version, which sends
the tensor product x @ y of an element x of n-degree * and an element y of n-degree x to
D"y ®x.

Definition 5.2. An n-graded Hopf monoidal structure on F* is a tuple (u, 4, 1, €} such that:

(0) (w, n) is an n-graded monoidal structure on F* and (A, €) is an n-graded comonoidal struc-
ture on F*.

(1) 5k — F*(e) is a morphism of n-graded coalgebras.

(2) €:|F*(e) — k is a morphism of n-graded algebras.

(3) The following diagram commutes:

F(XDY)®F(ZDT)—@> FIX)®F(Y)®@F(Z)® F(T)

l,u F(X)Dr*DF(T)l
F(XOYOzOoT) F(X)® F(Z)® F(¥)® F(T)

lF(XEIrDT) #®ul
F(XOzOYOT) — >~ F(XOZ)® F(YCT).

A Hopf monoid in € is an object M which is both a monoid and a comonoid, and such that
(1) the|unit e — M is a map of comonoids, (2) the counit M — e is a map of monoids, and (3)
the cormultiplication M — MM is a map of monoids (MOM can be made into a monoid in
the ob\!zious way because C is symmetric monoidal). For example, a Hopf monoid in k-vect is
nothing but a Hopf algebra. With this definition we immediately obiain the Hopf analogue of
Lemma 5.1:

Lemmla 5.3. Let F*:C — k-vect be an n-graded Hopf monoidal functor and let M be a Hopf
monoic'l’ in C. The monoid and the comonoid structures on F*(M)} given by Lemma 5.1 make
F*(M) into an n-graded Hopf algebra. In particular, F*(e) is an n-graded Hopf algebra.

bl
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We finish the presentation by giving examples.

Lemma 5.4. Let (C, 0, &) be a symmetric monoidal category and let (F™*, i1, 1) be an n-graded
symmetric monoidal functor from C to k-vect, such thar F* has finite dimensional values, and
forall X, Y, puxy: FY(X)® F*(Y) = F*(XOY) is an isomorphism. We have:

(a) the unit i induces an zvornorphzsm k = FO--0g,

Hopf monoidal structure on F* if and only if for all Y, Z, the followmg diagram commutes:

prz
F*(Y)Y® F¥*(Z) —— F*(YOZ)

lr* lF*(r)
¥

nz.
FYZ)y® F*(Y) — F*(Z0OY).

Pmof a) Because of the unit axiom for (F*, 1, ), we know that 5 is injective Since the Axy

b) Ai trivial venﬁcanon shows that (i, 7, =1, €) satisfies axioms (0)—(2) of Definition 5 2
(wnhout! assuming that the diagram commutes). Now we check that axiom (3) is satisfied if and
only if the diagram commutes. To prove the ‘only if” part, evaluate axiom 3)on X =T =e¢. To
prove thF “if* part, tensor the commutative diagram on the left by F*(X), on the right by F*(Y)
and use the associativity of . O

Examplle 5.5. Let (C, O, e) be the category (Vi, @, 0) of finite dimensional vector spaces. For all
V € Vk we consider the divided powers r*(v) with r4(V) in degree 2d. Then the exponential
1som0rphlsm (cf. Section 2.1) F'* (V)@ T'* (W) => I'*(V @ W) and the unitk = I"°(0) = "™ (0)
satisfy the hypothesis of Lemma 5.4. Thus, they induce a graded Hopf monoidal structure on I'*.
Similarlylz, §*(V) (with $9(V) placed in degree 2d) and A* (V) (with A?(V) placed in degree d)
have a Hopf monoidal structure defined by the exponential isomorphism.

Remark 5.6. We warn the reader that for I'*(V) with 7"%(V) in degree d, the above structure is
not a Hoipf monoidal structure (axiom {3) fails), For an analogous reason, I"*(V) with I 4(V)in
degree d is not a graded Hopf algebra. In particular, [9, Lemma 1.10] is false as stated, and our
Lemma 5 4(b) indicates the missing hypothesis. To be more specific. the only ‘Hopf exponential
functors] which satisfy the conclusion of [9, Lemma 1.10] are the ‘skew commutative’ ones.

In general, axiom (3) of Definition 5.2 is a constraint for the gradings. For example if F* is a
graded Hopf monoidal functor, by ‘forgetting’ the grading, one does not obtain a nongraded Hopf
monmdal functor (except if k has characteristic two or if F* is concentrated in even degrees).
The same defect arises for multigraded Hopf algebras and Lemma 5.3 explains the link.

5.3. The sum-diagonal adjunction

General statements about adjunction isomorphisms in functor categories are given for example
in [16]. We sketch here the arguments in cur specific case and give explicit formulas.
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As usual A is a finite product of copies of Vi and Vkp In particular, .4 is an additive category.
The dlagona} functor D: A — A x A, X > (X, X) is left adjoint to the sum functor : A x
A— A (X,Y)+— X @Y. To be more specific, if 87 is the diagonal V - VoV, v (v, v)
and prj. Vi ® Va — Vi, i = 1,2, is the projection onto the i-th factor, we easily check that the
unit, resp. the counit, of this adjunction equals:

§r:1d g — @oD, resp. (pry,prp): D 0694 Id 4« A-
Precomposition by D and €P yields adjoint functors —o@: P4 — Paxgand —oD:P x4 —

Pa. L%t’s be more explicit. We denote by F (D) and G(D) the functors F and G precomposed
by € and D. Then the adjunction isomorphism is given by:

HomprM(F(@), G) = Homp, (F. G(D)),
f = f(D)o F(82),

with inverse g > G{pr|, pry) o g(€D). Forall X, Y € A we have I}y (D) = I35, Hence —o D
preserves the injectives. One easily computes:

Lemma 5.7. Let X, Y € A. Denote by pry, pry the projections of X @ Y onto X, Y. Then we
have alcommutative diagram:

—oD
Homp,, (K. Iy y)) —— Homp , (K(D), I}gy)

l K(pry.pry}” l

KX, Y)Y — KXY, XaY),

in which the vertical arrows are Yoneda isomorphisms. As a consequence, the adjunction fits into
a commutative diagram, in which the vertical arrows are Yoneda isomorphisms:

Homp,, , (F(B). [T y)) — > Homp ,(F, o)
Since — o D preserves the injectives, we may take injective resolutions to obtain:
Lemma 5.8. Forall F € P4 and all G € P 4, 4. there is an isomorphism, natural in F, G:
a:Extp, (F(ED). G) = Extp, (F,G(D)).
Remark 5.9. The functors D and &P are adjoint on both sides. Using that D is right adjoint of

& ong can get another adjunction isomorphism: 8 :ExL’}‘,A (G(D), F) >~ ExL’;,AUt (G, F(EP)).
We don’t use this latter isomorphism in this section.

bg
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5.4. Hopf monoidal structures on functor cohomology

In thi!s section, k is a field and we fix an n-graded functor £* € P 4. To avoid cumbersome
notations, we drop the ‘P4’ index on Hom or Ext-groups, as well as the grading on £ when no

confusio:n is possible.
We first examine structures which may equip E*. First, E* may be endowed with an n-graded

Hopf alg'ebra structure on E* is a wple (mg, 1g, Ag, €g) of n-graded natural maps

E(V)®? ZE E(V), k L5 E(v), E(V) 25 E(V)®2, E(V) 5k,

such that for all V € A, E*(V) is an n-graded Hopf algebra.

On ttlle other hand, the direct sum endows .4 with the structure of a symmetric monoidal
category. So we may also consider n-graded Hopf monoidal structures on E*, that is tuples
(e, m, )\.' €) with u: E(V) ® E(W) — E(V & W), etc. These two kinds of structure are equiva-

lent:

Lemma 5.10. To any n-graded Hopf monoidal structure (i, 1, %, €) on E*, we associate an
n-graded Hopf algebra structure on E™ defined as follows:

mp EVS2 B pvavy EEL By, 10k D B0 2D B,

Ap EOV) E, pve vy 2% E)®, e k) 2D EQ) S

This yields a bijection berween the set of n-graded Hopf monoidal structures (jt, n, A, €) on E*
and the et of n-graded Hopf algebra structures (mg, 1 g, Ap,€g) on E ¥,

Proof. Forall V € A, thesum Z7:V @ V — V and the diagenal é,:V — V & V turn V into a
Hopf monoidal object in (A, &, 0). Hence, by Lemma 5.3, (mg, 1 g, Ag, €g) is actually a Hopf
algebra Structure. To prove the bijection, we give its inverse. If V; € A, { = 1,2, we denote by
in; the inclusion of V; into ¥; @ V; and by pr; the projection of Vi & V2 onto its i-th factor. Now
from a Hopf algebra structure (mg, 1, Ag, €g) we define:

®E(V, ®E(m. @V ®2 mE, E @V ]kl—c> EWV) E{0) E(0),
E(EBV, Lo, p(@v)® X Q vy, EO) 2D B Lk

A strai ghtforward verification shows that this actually gives an n-graded Hopf monoidal structure
on E*, and that this yields the inverse of the map of the lemma. O

Lemma 5.11. To any n-graded Hopf monovidal structure (i, n, k. €) on E, we associate an
n- graded Hopf monoidal structure on Hom(E, —) defined as follows:

Homp , (E, F) ® Homp,, (E, G) %> Homp,, ,(E®* FXG)

2, Homp,, . (E(ED). F R G) % Homp, (E. F ® G),

k = Hom(k. k) > Hom(E (0}, k) — Hom(E, k),
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Homp ,(E, F ® G) l—:_]» HomprA(E(EB),FIEG) », HomprxA(Egz, FRG)

*=, Homp ,(E, F) @ Homp,, (E, G),

Hom(E, k) — Hom(E(0), k) > Hom(k, k) = k.

This yi.lelds a bijection between the n-graded Hopf monoidal structures on E* and the n-graded
Hopf monoidal structures on Hom(E*, —).

Proof. | By left exactness of the functor Hom(E, —) and its tensor products, it suffices to check
the axioms when F and G are injective. Since the injectives of P 4 are direct summands of (sums
of) starI dard injectives, we can furthermore assume that F = [ ; and G = [;, for X, Y € A. But
in that|case, by Lemmas 4.1 and 5.7, we have a commutative diagram (in which the vertical
arrowslare Yoneda isomorphisms):

Hom(E, I};) ® Hom(E, I}) —— Hom(E, Itay)

Lk

E(X)Y @ E(Y)Y —— E(X& Y)Y,

and also a similar diagram involving V. Using these two diagrams, we easily check the Hopf
monoidal axioms for Hom(E, —) from the axioms satisfied by (u, n, A, €).

Nou:r it remains to show the bijection. Let us give the inverse. If we have an n-graded Hopf
monoidal structure on Hom(E*, —), we may restrict to the standard injectives 7y, X € A. By
the Yoneda isomorphisms, we obtain a Hopf monoidal structure on £*. The diagrams mentioned
above make it clear that this yields the inverse. [

We have proved:

Theorem 5.12. Let k be a field, and let E* € P 4 be an n-graded functor. There are bijections

i
between:

(1) The set of n-graded Hopf algebra structures on E*,
(2) Th!e set of n-graded Hopf monoidal structures on E*,
(3) The set of n-graded Hopf monoidal structures on Homp , (E*, —).

Explicit formulas for the bijection between (2) and (1), and between (2) and (3) are given
in Lemmas 5.10 and 5.11. For further use, we also need an explicit link between the product
Hom(E, F) @ Hom(E, G) — Hom(E, F ® G) and the n-graded Hopf algebra structure of E*.

Lemma 5.13 (Key formula). Let (i, n, A, €) be an n-graded Hopf monoidal structure on E,
and let (mg, 1 g, A, €p) be the associated Hopf algebra structure (cf. Lemma 5.10). For any
funciors Fi, i = 1,2, the following rwo composites are equal:
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Hom(E, F}) ® Hom(E, F2) %> Hom(E™2, Fi & F)

2, Hom(E(@D). F1 B F2) & Hom(E. F1 ® F2), (1)

Hom(E, F;) ® Hom(E, F») 2 Hom(E®2, ® F,-)

A—"‘E>Hom(E,®F,-). (2)

Proof. We proceed in the same way as in the proof of Lemma 5.11. By left exactness of
Hom(E,|—) it suffices to prove the formula for standard injectives Fi = I} and Fy = Iy In
that case, by Lemmas 4.1 and 5.7, the first map identifies, through Yoneda isomorphisms, with
the map A E(X)¥ ® E(Y)Y — E(X & Y)Y. On the other hand, by Lemmas 4.1 and 5.7, the
second map identifies with the composite:

% v v
E(X)Y @ E(r)” EOBECT by gy y)®2 25 p(x @ Y)Y )

Now byj definition (Lemma 5.10) Ag = Axgy xor © E(87). By naturality of A, (E(pry) ®
E(pry))le Axgr.xer © E(32) equals Ax y o E(pry @ pry) o £(82) which in turn equals Ay y.
Thus (%) equals 1Y, and this concludes the proof. O

Now we turn to Hopf monoidal structures on Ext-groups. Let E* be an n-graded functor in
P 4 and|suppose that Hom(E, —) has an n-graded monoidal structure (s, 7, A, €). By taking
injective resolutions, we obtain (1 + r)-graded maps u : &; Ext*(E, F;) — Ext"(E, R, Fi).
l:Ext*(!E,@i Fy) — @, Ext*(E, F;), and we also define n:k — Hom(E, k) = Ext*(E, k)
and ¢:Ext*(E,k) = Hom(E,k) — k. One easily sees that this defines a (1 + n)-graded
Hopf monoidal structure on Ext*(E*, —) which coincides with the Hopf monoidal structure of
Hom(E?*, —) in degree (0, *). Moreover, the resulting structure is a ‘6-Hopf monoidal structure’
on Ext*(E, —), that is, if we fix one of the two functors F;, then gt and A become maps of
§-functors. To sum up we have:

Lemma|5.14. Let k be a field, and let E* € P 4 be an n-graded functor. Derivation induces an
injection.

n-graded Hopf monoidal o (1 + n)-graded &-Hopf monoidal
structures on Hom({E*, —) structures on Ext*(E*, —) '

Remark 5.15. The map of Lemma 5.14 is not a bijection in general. Indeed, the condition of
being a §-Hopf monoidal structure does not guaranty that the structure is of derived type, i.e.
obtained by applying a Hopf monoidal structure on Hom(£, —) to injective resolutions. To be
more specific, the & condition guaranties that the product g is of derived type (cf. [14, XII,
Thm. 10.4]) but in general it is not sufficient to guaranty that the coproduct A is of derived type
(see also [14, Notes of XI1.9).

Now|Lemmas 5.14, 5.13 and Theorem 5.12 yield:
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Theorem 5.16. Let k be a field, and let E* € P 4 be an n-graded functor, endowed with a Hopf

1
monoidal structure (i1, 1, :, €). The functor cohomology cup product associated (cf. Section 2.3)

to the comultiplication Ag : E(V) LGN EVeV) A E(V)®2 equals the composite:
Ext*(E, F) ® Ext*(E, G) % Ext*(E®2, FR G) 25 Ext*(E(ED). F R G)

% Ext*(E,F ® G).

Together with the following unit, counit and coproduct, they make Ext*(E*, —) into a (1 + n)-
graded|Hopf monoidal functor:

k= Ext*(. ) S ExC(E.K),  Ext*(E.K) D> Bxt*(k, k) =k,

Ext*(E, F ® G) < Bxt*(E(ED), F R G) £ Ext* (¥, F & G)
X, Bxt*(E, F) ® Ext*(E. G).

Corollary 5.17. Let k be a field, and for i = 1,2, let AT € Py bean ni-graded Hopf algebra
functor, The maps:
Ext*(A], A2) @ Ext*(A|, A2) = Ext* (A1, A2 ® Az} — Ext* (A1, A2),
k — Ext*(A;, k) — Ext™(A1, Az2),
Ext* (A1, A2) — Ext*(A|, Ay @ A2) — Ext*(A1, A2) ® Ext* (A1, A2).
Ext*(Aj, A7) — Ext* (A1, k) = k

make E.xti“pA (A}, AY) intoa (1 +m + ny)-graded Hopf algebra.

Proof.| To get Corollary 5.17 from Theorem 5.16, we just apply a graded version of Lemma 5.3
(which holds for additive functors). O

Remall'k 5.18. Corollary 5.17 is a generalization of [9, Lemma 1.11]. Indeed, we don’t require
our fur!;ctors A¥ to be exponential functors. In Section 6, we apply this corollary to Hopf algebra
functors which are nof exponential functors.

Remark 5.19. In this section, the proofs rely on (1) Yoneda isomorphisms for standard injectives,
2) adjjunction between the sum and the diagonal functors, (3) Kiinneth formulas. Properties (1)
and (2) hold in the category F 4 of ordinary functors with source an additive category A and
target k-vect. The Kiinneth formula also holds if one assumes furthermore some finiteness con-
ditions| on the functors (either if Fy, F2 have finite dimensional values and GG, G2 have injective
resolutions by finite sums of standard injectives, or if F7, F2 have projective resolutions by finite
sums of projectives). Up to these slight finiteness conditions, the results of this section holds
in the Icate:gory F 4. This gives interesting applications for the stable cohomology of the finite
classical groups Oy, (F;) and Sp, (F;) with twisted coefficients [7].
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6. Applications
6.1. Stable products and coproducts for classical groups

Theorem 6.1. Let k be a field. Let G, be a product of copies of the groups GLy, Sp, or Op n, and
let Fy, Fy be strict polynomial functors adapted to Gp (cf. Terminology 4.3). If Op . is a factor
in G, assume that k has odd characteristic. The stable rational cohomology of Gp, is equipped
with a coproduct:

HZ(Goo, (F1 ® F2)oo) = Hyy(Goo, Fioo) ® Hey(Goos F2co)-
Together, with the usual cup product (cf. Section 2.4), they endow H2((G oo, —) with the structure

of a graded Hopf monoidal functor.
Moreover, the cup product is a section of the coproduct.

Proof. \INe consider the usual graded Hopf algebra structure I™*(V), with 4 (V) in degree 24,
cf. Sectipn 2.1. Let Fg € Pg be the characteristic functor associated to G,,. If we set V = Fg,
the divided powers of Fg are a graded Hopf algebra, or equivalently a graded Hopf monoidal
functor. To be more specific, the product w and the coproduct 4 are given by the formulas:

w: P*(Fa(V)) ® I (Fo(W)) = I*(Fa(v & W)™
~ *(Fo(V e W)®*) - I (Fg(v @ W)),
wiT*(Fo(V @ W) — T (Fe(V & W)®?)

~ I (Fo(v @ W)® - M (Fo(V)) ® r*(Fo(W)).

In particular, one checks that Ao it = Id. Thus, by Theorem 5.16, Ext*(I"™(F¢), —) is a bigraded
Hopf monoidal funcior, and A o = Id implies that the external cup product is a section of the
coproduct.

Since the divided powers of Fg are concentrated in even degree, we may forget the grad-
ing arisi:ng from the divided powers (cf. Remark 5.6) and Ext*(I"*(Fg), —) is a *-graded Hopf
monoidal functor, Then it suffices to apply Theorem 4.5 to conclude the proof. (I

Corollary 6.2. Let k be a field. Let Gy, be a product of copies of the groups GL,, Sp, or On .
and let Fy, Fa be two functors of degree d\, d2 adapted to Gy. If Oy is a factor in Gy, assume
that k has odd characteristic. For all n such thar 2n > dy + da, the cup product induces an

injection:
HE (G, (F1)n) ® Hiy( G, (F2)p) = Hiy (G (F1)n @ (F2)n).

Remarll( 6.3. The injectivity in odd degree cohomological degree does not contradict the usual
commutiativily formula x U y = (—1)32®)dee()y U x_ Indeed, this latter formula holds only
for internal cup products. If 7 denotes the isomorphism (F1), ® (F2), = (F2)y & (F1)p, the

commullativity relation for external cup productsis x Uy = (— |ydegtr)degn) gr* (G, 7)(y U x).

73



A. Touzé / Advances in Mathematics 225 (2010} 33-68 65

Corollary 6.4. Let k be a field. Let G, be a product of copies of the groups GLa, Sp, or Opn,
and let|A* be an n-graded strict polynomial functor adapted to G, endowed with the struc-
ture of a Hopf algebra. If Oqn is G factor in Gp, assume that k has odd characteristic. The
usual cziep product H: (G, A% )2 > Hi(Goo, AY,) may be supplemented with a coproduct
H:;;(Go!m AL) = Hy(Goo, A*)82 which endow H (Goo, Ag,) with the structure ofa(1+n)-
graded ‘Hopf algebra.

6.2. A new statement for the universal classes

As an application of Theorem 6.1, we give a nicer formulation of the existence of the universal
Cohomqlogy classes [20, Thm. 4.1]. Consider the divided powers M (H5(GLoo. glgo))), with the
usual Hopf algebra structure but regraded in the following way: the bidegree of an element in

[ (HINGLos, gI)) is (2if, 20). We easily get:
Corollary 6.5. Let k be a field of positive characteristic p. The existence of the universal coho-
mology classes is equivalent to the following statement.
There is a bigraded Hopf algebra morphism
¥ T {(HE(GLoo, 818))) = Hi(GLoo, r*(gt)).
such that for all n > p the following composite is a monomorphism.

r*(H:(GLoo: 815)) Yy H2(GLoo, T*(5150)) Inoe, gx (GLy, T*(gI)).

6.3. Cohomology computations for the orthogonal and symplectic groups

In [7], Djament and Vespa showed how to obtain cohomological computations for the orthog-
onal and symplectic groups from the computations of [9]. Their method adapts easily to the strict
polync}mial functor setting. For all 7 > 0, we denote by 1 & P the r-th Frobenius twist [10,(v)
p. 224]. We consider the Hopf algebra S0 (resp. A*(1)) with $¥(I7)) in degree 2d (resp.
with A9 (7} in degree d). We have:

Theorem 6.6. Let k be a field of odd characteristic. Let be a nonnegative integer.

(i) TJhe bigraded Hopf algebra H}}(Ooo,00, 51 M) is a symmetric Hopf algebra on gener-
ators em of bidegree (2m,4) for0 < m < .

(ii) The bigraded Hopf algebra HZ,(Spogs (17 )o0) is trivial.

(iit) 7;'he bigraded Hopf algebra HE(Ooo.00s A*(IUN ) is trivial.

(iv) The bigraded Hopf algebra HE (5P oo AT(I'™) o) is a divided power Hopf algebra on gen-

erators ey of bidegree (2m,2) for 0 <m < P

We get a proof by following closely [7, Section 4]. For sake of completeness, we give some
details in the remainder of this section. Let k be a field of characteristic p > 2. As in Section 3,
we de:note by P(1, 1) the category of strict polynomial functors with source VEP x Vi and by P
the category of strict polynomial functors with source V. We also denote by P(2) the category
strict polynomial functors with source Vi x V.




66 A. Touzé / Advances in Mathematics 225 (2010) 3368

Let E* = §*(1") (with $2(I") in degree 2d) or E* = A1)y (with A4(f©)) in degree d),
or more generally let E* be a ‘skew-commutative Hopf exponential functor’ (cf. [9, p. 675 and
Def. 1.9]| Equivalently, E* is a graded functor in P satisfying all the hypotheses of Lemma 5.4).
We wish to compute the bigraded Hopf algebra Ext’;,(l"‘(F(;), E*), with Fg = S%or Fg = A®
(it is a trigraded Hopf algebra by Corollary 5.17, and we may drop the gradation on I'™*(F),
since thisl‘. gradation i3 concentrated in even degrees, cf. Remark 5.6). Indeed, by Theorem 4.5,
this bigraded Hopf algebra is isomorphic to the bigraded Hopf algebra HY (G oo, E5;) with G =
O p for|Fg = §2, and G, = Sp,, for Fg = A2,

To do the computation, it suffices to compute the bigraded Hopf algebra Exti“P(F*(®2), E*),
together with the involution 6 of bigraded Hopf algebras, induced by the permutation V ® V=
V & V which exchanges the factors of 2. Indeed, since k has characteristic p #+2, Fg is adirect
sunmand in ®2. As a result, H% (G oo, E5) equals the image of (1+8}/2 in the orthogonal case
and of (1 — 9)/2 in the symplectic case. So we now concentraie on Exti}‘;([‘ *(®%), E®).

Let I|e P denote the identity functor of V. Using the sum diagonal adjunction of Remark 5.9,
and the eTxponential isomorphism for E*, we obtain an isomorphism of multigraded vector spaces
(on the right, we take the total degree of EX® E*):

Exth (I(@7). E*) = Exthp (MU R D, ETH E*).

Now if B € P(2) is a strict polynomial functor with 2 covariant variables, one may precompose
the first variable of B by the duality functor ViV — VP, Vi VY. One obtains a strict
polynomial functor B(—V, ) € P(1,1). This vields an equivalence of categories between P2
and P(1, 1). Let (E7)? denote the strict polynomial functor V ~> Ef(V¥)V. Using [8, Thm. 1.5
(L.11)] we obtain isomorphisms of bigraded vector spaces (recall that we don’t take the gradation
of I'*(®%) into account):

Extho (MU B, ET E*) =~ Exth ) (T (8D E (=) E*)
:ExL}‘;(E*”,E*).

To sum up, we have an isomorphism of bigraded vector spaces {on the left we don’t take the
gradation of I *(®?) into account, on the right we take the total gradation associated to the

gradalilons of E** and E*):
Ext, (I (®7), E*) = Extp(E™. EY). (%)
Both objects have a bigraded Hopf algebra structure by Corollary 5.17. We need the Hopf al gebra

structure of 1™ (®?) to define the bigraded Hopf algebra structure on the left but not to define the
one onlthe right, Nonetheless:

Lemma 6.7. (See [7, Prop. 4.10].) For all ‘skew commutative exponential functor’ E* e P, the
isomorphism (%) is compatible with the bigraded Hopf algebra structures.

For| E* = S*(I") or E* = A*(J©), the Hopf algebra Extl,(E*?, E*) is computed in 9,
Thm. 5.8]. So it remains to describe how the involution @ acts on these extension groups. For all
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we have an isomorphism (see for example [9, Lemma 1.12]) Exty (F PG~ ExL";‘,(Gﬁ, F).

With F = G = E*, we obtain an involution:

§ :Exth (E*, E¥) 5> Exth(E™, E7).

LemmJa 6.8. (See [7, Lemme 4.12].) For all ‘skew commutative Hopf exponential functc_)r’ E*e
P, we denote by B* the involution of Ext;;(E *t E*) whose restriction to Ext}}(E i1 E4Y equals
(-1 6. We have a commutative diagram:

Exth (7(®%), E*) (—T> Exty(E*, E™)
*

T

Ext%(I*(®7), E*) % Extl, (E*, E¥).

We lare now ready to use the computations of {9]. We first recall the results we need. If V*
is a graded vector space concentrated in even degrees, we consider the vector spaces S*(V*)
bigradlad in the following way: the bidegree of an element $1(V4)is (if, 4i). With this grading,
the usual Hopf algebra structure on the symmetric powers makes §*(V*) into a bigraded Hopf
algebra. We have (recall that an element in ExL’;;;,(f'e(I(”)), §™ (1)) has bidegree (k, 2€ +2m)):

Lemma 6.9. (See [9, Thm. 4.5 and Thm. 5.8].) For alln 2 0, the bigraded Hopf algebra multi-
plication

i (7 (1), SU(I))® — Exth (P (1) 8"(1))

is surjective. It induces an isomorphism of Hopf algebras:

Since the involution & is compatible with the Hopf algebra structure, the first part of

$*(Exth (1), 1)) > Exty (F*(17), §(10)).

Lemma 6.9 shows that knowing the involution & on Exth,(/ )y 10y is sufficient to determine 6.
The involution § is already computed by Djament and Vespa:

Lemma 6.10. (See [7, Lemme 4.13].)} The involution 6 equals the identity map.

Th
Exti'i;

us, by Lemmas 638, 6.9 and 6.10, the map (1 + 6)/2:ExthL (I (@D, $*U")) —
I'(®%), $*(I (r)}) equals the identity map, so that we have:

Extp (1 (5%), 5°(17)) = Bxp(1 (82). 8"(17))
Exth (I (A%), $*(177)) =~ 0.

Now we may apply Lemmas 6.7 and 6.9 to conclude the proof of Theorem 6.6(i) and (i1). The

comp

utation for the exterior powers A*(J r}y is similar.




