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(PATE 1)

“Phase stability of carbon, oxygen and mixtures under extreme P-T conditions,

beyond the harmonic approximation

Sandro Escadolo

[1.047.382.037

Etapa |. Evaluacion del documento escrito

Favor llenar los espacios de color naranja con una calificacion que vaya de 0 a 10, donde 10 equivale a un cumplimiento

100% satisfactorio del criterio de evaluacion valorado.

En cada casilla que describe un criterio de evaluacion, es recomendado reemplazar el texto guia (en color gris) por las
correspondientes justificaciones que considere pertinentes para respaldar la valoracion dada.

de vista académico y cientifico? (El problema se encuentra contextualizado con la
| literatura existente?

¢Se evidencia una revision exhaustiva de la literatura relevante al problema de estudio?
¢La presentacion de las fuentes primarias y secundarias estd bien organizada? ¢ Describe
de forma clara métodos, técnicas, hallazgos, etc., que han sido reportados y que son
relevantes para su problema de investigacion?

pertinencia, consistencia, validez y confiabilidad? ¢Describe de forma adecuada los
sistemas de estudio, disefio, métodos y procedimientos empleados, andlisis estadistico,
etc.?

aDescribe un problema delimitado y concreto? ¢’ justificacion es clara desde el punto |

: ¢El disefio de investigacion es coheren conel problema Ianado?&Presenm claridad, "
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¢Son claros y consistentes los resultados con todos los objetives de la propuesta de tesis
que fue aprobada para el/ia estudiante? ¢ Contiene el trabajo aportes a la ciencia, a la 10
tecnologia y a otras disciplinas del saber? iLos resultados son presentodos de forma
clara y precisa?

S discutieron todos los resultados obtenidos? gLs resultados son interprerad de
forma original? éLos resultados son confrontados con literatura actual y pertinente? \O
¢Hay discusion autocritica con relacion a los resultados esperados?

¢Estdn acordes las conclusiones con todos los objetivos del proyecto de tesis (ver anexo)
que fue aprobada para el/la estudiante? ¢Reflejan con suficiencia las conclusiones los 9
resultados obtenidos? ¢ Las perspectivas futuras y las recomendaciones hechas por el/la
estudiante son apropiadas de acuerdo a los resultados obtenidos?

¢El documento estd escrito de forma clara y precisa? ¢éLa seleccion de terminologia, e
redaccion, gramdtica, puntuacion y ortografia en general, es el adecuado para una tesis
doctoral?

Falle rdaccién, omisiones, exposicidn de conceptos, etc. s Paginas o
Seccién

Adicione celdas a su conveniencia

Comentarios generales y recomendaciones
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(PARTE 1)

DD | MM | AA l FORMATO PDCF No. 01
FER, ] Actualizado! Mayo 2016

28 05 2019

Titulo del Informe Final de Tesis

Phase stability of carbon, oxygen and mixtures under extreme P-T conditions,
beyond the harmonic approximation

Nombre del (de la) Estudiante Identificacion

Beatriz Helena Cogollo Olivo 1.047.382.037

Grupo de Investigacién

Modelado Computacional de sistemas fisicos y estadisticos

Linea de Investigacién

Fisica de materiales bajo condiciones extremas

Nombre del Director Identificacion
lavier Montoya Martinez 94.527.774
Nombre del Co-Director Identificacién
Sandro Escandolo

Etapa |. Evaluacion del documento escrito

Favor llenar los espacios de color narana con una calificacidn que vaya de 0 a 10, donde 10 equivale a un cumplimiento
100% satisfactorio del criterio de evaluacion valorado.

En cada casilla que describe un criterio de evaluacion, es recomendado reemplazar el texto guia (en color £ris) por las
correspondientes justificaciones que considere pertinentes para respaldar la valoracién dada.

1.0 | Titulo

El titulo estd en concordancia con el estudio realizado en esta tesis de doctorado. | 10

2.0 | Introduccion

La introduccion de la monografia expone en forma clara y concisa la importancia de
estudiar carbdn, oxigeno y el didxido de carbdn bajo condiciones extremas de presién
y temperatura. Debido a la dificultad experimental para el estudio de estos sistemas
aparentemente simples, el estudio tedrico por medio de calculos de primeros principios
es completamente necesario para dilucidar los diagramas de fase a condiciones
extremas.

10

3.0 [ Fundamentacioén Teérica

Los capitulos 1-3 describen de forma muy resumida los fundamentos teoricos y
metodologia usadas en |a tesis. El capitulo 1 deberia tener referencias mas actualizadas
y una corta discusién sobre el efecto de diferentes funcionales en el cdlculo de 8
propiedades del estado base, en muchos sistemas cristalinos el uso de LDA, diferentes
parametrizaciones de GGA y metaGGA, y los funcionales hibridos pueden llevar a
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predecir valores muy diferentes en las presiones de transicion de muchos sistemas
simples tales como Si, Ge, Sn.

El capitulo 2 sobre los métodos de estructura electrénica es muy corto pero en una
monografia de esta naturaleza puede llegar a ser suficiente para ilustrar la metodologfa.
Una breve comparacién de PAW con otros métodos all-electron hubiera sido deseable,
sobre todo porque en las condiciones extremas de presién que se realizaron los célculos
de la tesis es mejor comparar y validar los resultados con otros codigos.

El capitulo 3 introduce el calculo de propiedades vibracionales y termodindmicas de
cristales de forma apropiada. Sin embargo, la Ultima subseccién (3.5) describe en su
mayor parte el método SSCHA, y este no fué usado en los resultados presentados en la
tesis.

Finalmente en mi concepto falto un capitulo de ecuaciones de estado para sélidos, este
servirfa de justificacion porgue se uso BM de tercer orden en toda la tesis y no otras
EOS tal como la universal de Vinet. También falto una discusién porque estas EOS son
validas en el rango de presién de Tpa.

4.0 | Metodologia
El disefio de los cdlculos y la forma de realizar todos los chequeos de convergencia de
| los principales parémetros variaciones del método de estructura electronica utilizado
son confiables y permiten concluir que los calculos fueron hechos de forma coherente
y sistematica (Apéndices A-C). Como he comentado en el punto anterior, falté una
comparacion de |os resultados obtenidos con el funcional PBE con otros funcionales
tales como PZ, PW91, PBESol y algunos hibridos. Esto es necesario para validar los
resultados. También falté una mejor justificacién y comparacién entre diferentes EOS
que sean validas en el rango de presidn de los Tpa.

5.0 | Anilisis e interpretacién de los resultados
Los resultados obtenidos son de gran valor para la comunidad cientifica de la fisica del
estado solido, ciencias de los materiales, ciencias planetarias y quimica. Los resultados
son muy bien analizados y discutidos, como concencuencia llevaron a la publicacion de
un excelente articulo en una de las revistas mas prestigiosas del estado sélido (Physical
Review B) para el caso de oxigeno. Para el caso del carbén y el didxido de carbén es un
poco descepcionante que estos buenos resultados no hayan sido aun publicados y
poder hacer parte de la lista de publicaciones de la tesis. Para estos dos sistemas que
no han sido publicados puede ampliarse el analisis de los resultados usando otros
funcionales y EOS y quizés poder usar la metodologia SSCHA para incluir efectos
anarmanicos que vayan mas alla de la QHA.

6.0 | Discusién
Los capitulos 4-6 presentan una discucién detallada de los resultados obtenidos de la
tesis. La obtencion de los diagramas de fase de estos tres sistemas y su comparacién y
discusion con los ya publicados se hace con una buena calidad intelectual. Sin embargo
como mencioné en puntos anteriores, realizar comparaciones entre diferentes 8
funcionales, EOS y otros métodos de estructura electrénica es aconcejable, tal vez
obligatorio, para validar los resultados obtenidos y poder afirmar los principales
hallazgos de la tesis.
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7.0 | Conclusiones

Las conclusiones estdn escritas de forma certeray correcta, reflejando una introyeccién
del conocimiento aquirido en la elaboracion de la tesis. Estas también muestan que se

: i ; : 10

entiende las limitaciones de este estudio y proponen como conseguir en el futuro la
inclusion de efectos anarmonicos por nuevas metodologias tales como SSCHA.

8.0 | Calidad de la escritura del Informe Final de Tesis
La tesis estd escrita con gran esmero y brilla por su claridad. Aunque esta presenta una
falla reiterativa en todo el texto: |a falta de puntuacion en las ecuaciones, estan hacen g
parte integral del textoy deben Ilevar coma, punto y coma, punto como dictan las reglas
de ortografia.

9.0 | Anotaciones Especificas y Calificacién

Fallas de redaccién, omisiones, exposicion de conceptos, etc. [ Paginas o
Seccion
Ecuaciones sin puntuacion. Secciones
1-6
Ec. 1.3 escibirla en unidades atémicas y aclarar en pie de pagina. pg 3
Adicione celdas a su conveniencio
Comentarios generales y recomendaciones
¢Se recomienda proceder con la sustentacion oral del Informe Final? Si
(Si/No) !
Nombre de
quien evalua Jorge Mario Qsorio Guillén

Socys A, Dsece G~

Identificacién | CC 98552686 Firma
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DOCTORADO EN CIENCIAS FISICAS
EVALUACION DOCUMENTAL DEL INFORME FINAL DE TESIS
(PARTE 1)

| oo | MM | AA | | FORMATO PDCF No. 01
| 28 | o5 |2019 | | Actuslizado Mayo 2016

Titulo del Informe Final de Tesis
Phase stability of carbon, oxygen and mixtures under extreme P-T conditions,
beyond the harmonic approximation
Nombre del (de |a) Estudiante Identificacién
Beatriz Helena Cogollo Olivo 1.047.382.037
Grupo de Investigacion
Modelado Computacional de sistemas fisicos y estadisticos
Linea de Investigacién
Fisica de materiales bajo condiciones extremas

FECHA

Nombre del Director Identificacion
Javier Montoya Martinez 94.527.774
Nombre del Co-Director Identificacion
Sandro Escandolo

Etapa |, Evaluacion del documento escrito

Favor |lenar los espacios de color naran;s con una calificacion que vaya de 0 a 10, donde 10 equivale a un cumplimiento
100% satisfactorio del criterio de evaluacion valorado.

En cada casilla que describe un criterio de evaluacién, es recomendado reemplazar el texto guia (en calor 1ri%) por las
correspondientes justificaciones que considere pertinentes para respaldar la valoracién dada.

1.0 | Titulo :
El titulo estd acorde con el estudio 10
2.0 | Introduccién

Describe un problema concreto y se encuentra contextualizado con la literatura
existente i
3.0 | Fundamentacién Teérica

Se evidencia una revision extensa de la literatura relevante y describe de forma clara 10
hallazgos que han sido reportados

4.0 | Metodologia

La investigacion es caherente con el problema planteado ] 9.0
5.0 | Anilisis e interpretacion de los resultados

Los resultados contienen aportes a la ciencia I 8.0
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6.0 | Discusion

Los resultados son confrontados con trabajos encontrados en la literatura | 9.0
7.0 | Conclusiones
Las conclusiones estdn acorde con los objetivos del proyecto de tesis y reflejan los 9.0
resultados obtenidos :
8.0 | Calidad de Ia escritura del Informe Final de Tesis
El documento estd escrito de forma clara y precisa, aunque debe mejorarse en la 8.0
presentacion del documento en formato de tesis doctoral :
9.0 | Anotaciones Especificas y Calificacién
Fallas de redaccién, omisiones, exposicion de conceptos, etc. Paginas o
Seccign
Comentarios generales y recomendaciones
Se anexa documento con correcciones
¢Se recomienda proceder con la sustentacion oral del Informe Final? i
(Si/No) '

Nombre de Ricardo Vega Monroy _ //
quien evalda /ﬁ y ?g '
/

Identificacién | 72158788 Firma
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(PARTE 1)

Phase stability of carbon, oxygen and mixtures under extreme P
L the harmonic approximation

j icade marlas ba jo cnin "

Javier Montoy Ma ™

Etapa Il. Sustentacion del Informe Final de Tesis

Favor llenar los espacios de color naranja con una calificacién que vaya de 0 a 10, donde 10 equivale a cumplimiento
satisfactorio del criterio de evaluacién valorado. Una o més calificaciones por debajo de 5 pueden utilizarse coma
justificacién para recomendar repetir la sustentacién.

En la dltima casilla (Comentarios y Recomendaciones), es recomendado incluir las correspondientes justificaciones que
considere pertinentes para respaldar la valoracién dada.

1.0 | Buena organizacién y coherencia entre lo expuesto y el documento escritoc | 4 . |
del Trabajo Final de Tesis 4T

2.0 | Claridad en la exposicion del Trabajo Final de Tesis. hhog

3.0 | Demostracion de conocimiento de los principios fundamentales ?-5
involucrados, los métodos y las herramientas utilizados en el desarrollo del T
Trabajo Final B

4.0 | Manejo apropiado del lenguaje del tema en la linea o érea de Investigacion | :

5.0 | Capacidad de sintesis s s

6.0 | Sustentacidn y coherencia de las respuestas a las preguntas hechas por los "' ity
asistentes y el jurado en el marco de la exposicién Ry y

7.0 | El/La estudiante domina los principios por los cuales los resultados :
obtenidos respaldan las hipdtesis planteadas al inicio de la investigacion.
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8.0

La exposicidn se mantuvo dentro de los limites de tiempo establecidos

9.0

lee

El/La estudiante proporcioné valor agregado a su presentacién, es decir, no
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Phase sbllif carbon, xynixtu undr extreme P-Tconditions,

beyond the harmonic approximation

_ir ontova in . _ e 3 '_ o —27. :

Sandr Escadolo

Etapa Il. Sustentacion del Informe Final de Tesis

Favor llenar los espacios de color naranja con una calificacién que vaya de 0 a 10, donde 10 equivale a cumplimiento
satisfactorio del criterio de evaluacidn valorado. Una o mas calificaciones por debajo de 5 pueden utilizarse como
justificacidén para recomendar repetir la sustentacién.

Enla dltima casilla (Comentarios y Recomendaciones), es recomandado incluir las correspondientes justificaciones que
considere pertinentes para respaldar la valoracién dada.

1.0 | Buena organizacion y coherencia entre lo expuesto y el documento escrito
del Trabajo Final de Tesis
2.0 | Claridad en la exposicidn del Trabajo Final de Tesis. ;
3.0 | Demostracién de conocimiento de los principios fundamentales i
invalucrados, los métodos y las herramientas utilizados en el desarrollo del g
Trabajo Final e
4.0 | Manejo apropiado del lenguaje del tema en la linea o érea de Investigacion |
5.0 | Capacidad de sintesis ]
6.0 | Sustentacidn y coherencia de las respuestas a las preguntas hechas por los |
asistentes y el jurado en el marco de la exposicién ';
7.0 | El/La estudiante domina los principios por los cuales los resultados
obtenidos respaldan las hipétesis planteadas al inicio de la investigacion. o=
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8.0 | La exposicion se mantuvo dentro de los limites de tiempo establecidos il
9.0 | El/La estudiante proporcion6 valor agregado a su presentacién, es decir,no |
se limit6 a leer las diapositivas presentadas.
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Phase stability of carbon, oxygen and mixtures under extreme P

beyond the harmonic approximation

Etapa Il. Sustentacion del Informe Final de Tesis

Favor llenar los espacios de color naranja con una calificacién que vaya de 0 a 10, donde 10 equivale a cumplimiento
satisfactorio del criterio de evaluacién valorado. Una o més calificaciones por debajo de 5 pueden utilizarse como
justificacién para recomendar repetir la sustentacién.

En la Gltima casilla (Comentarios y Recomendaciones), es recomendado incluir las correspondientes justificaciones que
considere pertinentes para respaldar la valoracién dada.

1.0 | Buena organizacién y coherencia entre lo expuesto y el documento escrito
del Trabajo Final de Tesis

2.0 | Claridad en la exposicidn del Trabajo Final de Tesis.

3.0 | Demostracion de conocimiento de los principios fundamentales
involucrados, los métodos y las herramientas utilizados en el desarrollo del
Trabajo Final

4.0 | Manejo apropiado del lenguaje del tema en la linea o area de Investigacion

5.0 | Capacidad de sintesis

6.0 | Sustentacion y coherencia de las respuestas a las preguntas hechas por los
asistentes y el jurado en el marco de la exposicién

7.0 | El/La estudiante domina los principios por los cuales los resultados

obtenidos respaldan las hipétesis planteadas al inicio de la investigacion.




SISTEMA UNIVERSITARIO ESTATAL DEL CARIBE COLOMBIANO
SUE-CARIBE
PROGRAMA DE DOCTORADO EN CIENCIAS FiSICAS
DIRECCION REGIONAL
Resolucion de Registro Calificado MEN 26747, 29 noviembre de 2017

La exposicién se mantuvo dentro de los limites de tiempo establecidos

El/La estudiante proporciond valor agregado a su presentacion, es decir, no
se limitd a leer las diapositivs presentadas.
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Introduction

Daily, we can observe how pressure and temperature have a profound effect on mat-
ter. For instance, at ambient pressure water transforms into vapor when heated to
100 °C, and becomes ice when cooled to temperatures below 0 °C. Nonetheless, these
transformations can also be achieved starting from the liquid state by reducing or in-
creasing pressure to reach the vapor o solid state, respectively. We can study the phase

transitions by minimizing the Gibbs free energy:

G=U-ST+pV (0.1)

Where U holds for the internal energy, S for the entropy, and V' for the volume of
the piece of matter under study. According to this expression, solid phases are favored
at low temperatures and/or at high pressures, while at opposite conditions gas phases

are favored. Liquids are favored at intermediate regimes.

Oxygen is a highly reactive nonmetal and an oxidizing agent that easily forms mix-
tures with most elements and several other compounds. By mass-fraction, oxygen is the
third-most abundant element in the universe, after hydrogen and helium. At ambient
conditions, oxygen is a colorless and odorless gas with the molecular formula Oy, where
two oxygen atoms are chemically bound to each other with a covalent double bond.
At atmospheric pressure and low temperature (below 54.36 K), solid oxygen is formed.
Solid oxygen is particularly interesting because it is the only simple diatomic molecule
to carry a magnetic moment, and it is considered a “spin-controlled” crystal that dis-
plays antiferromagnetic order in the low-temperature phases. At high pressure, solid
oxygen transforms from an insulating to a metallic state; and at very low temperatures,

it even changes into a superconducting state.

Referred to as the “king of the elements”, carbon is a nonmetallic and tetravalent
element, that is also the fourth most abundant element in the universe by mass. Because

of the four electrons available to form covalent bonds, the atoms of carbon can bond



together in diverse ways, resulting in various allotropes of this element, being the best-
known graphite and diamond. This element has attracted attention because of the
system of carbon allotropes spans a range of extremes, i.e., graphite is one of the
softest materials known, it is opaque and a good conductor of electricity, while diamond
is the hardest naturally occurring substance, it is highly transparent and is an excellent

electrical insulator.

At elevated temperatures, carbon reacts with oxygen to form oxocarbons or carbon
oxides. The simplest and most common oxocarbons are carbon monoxide (CO) and
carbon dioxide (COz). Carbon dioxide consists of a carbon atom covalently double
bonded to two oxygen atoms. CO, is characterized by strong double bonds (C=0
distance of 1.16 A) and rather weak intermolecular interactions, which has made it
a very stable system that exhibits several molecular phases before its polymerization.
Also at high pressures, another form of solid carbon dioxide is observed: an amorphous
glass-like solid named carbonia, that can be produced by supercooling heated CO, at
pressures above 40 GPa. Although this discovery confirmed that carbon dioxide could
exist in a glass state similar to other members of its elemental family, like silicon (silica
glass) and germanium dioxide, carbonia glass is not stable at normal pressures and

reverts to gas when pressure is released.

Given their importance for life as we know it, carbon and oxygen have been ex-
tensively studied at pressures and temperatures found on the surface of the Earth.
Nevertheless, despite their simplicity, they exhibit remarkable properties. Their abun-
dance in the universe justifies the attention of the scientific community and explains
the constant study of these two elements under extreme conditions. In order to study
materials at extreme conditions, i.e., those similar at the interior of planets, experimen-
talists have designed apparatuses that apply force to a small area where the sample is
confined. The diamond anvil cell (DAC) is the most commonly used device and state
of the art DACs are able to reach pressures up to 600 GPa, but experiments at these
extreme pressures are very challenging. Laser shock-wave experiments are able to reach
the terapascal regime for a limited short time. However, along with very high pressures,
temperatures of several thousand Kelvin are also achieved, altering the sample’s state
and making challenging the study of solids at extreme conditions, from the experimen-
tal point of view. The technical difficulty and high economical cost of high pressure

experiments make theoretical approaches specially necessary. Fortunately, theoretical



approaches allow us to study materials under extreme conditions, since pressure can be
monitored by employing the stress tensor of the system using the Hellmann-Feynman
theorem from the ground-state energy calculation, or by calculating the total energy of

the system at different volumes and then fitting to an equation of state.

In the present thesis report, we present a first-principles analysis of the electronic
and vibrational properties of carbon, oxygen and carbon dioxide under high pressure,
based on density functional theory. This document consists of two major parts: Part I
summarizes the framework used for performing the calculations, and Part II is devoted

to the study of carbon, oxygen and carbon dioxide at planetary conditions.
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Chapter 1 Density Functional Theory

1 Density Functional Theory

Condensed phases of matter, such as solids, liquids, or amorphous, can be described,
in a oversimplified way, as an arrangement of atoms that interact with each other. In
principle, for non-relativistic systems, it only takes to solve the Schrodinger equation
to obtain the properties of a microscopic system. Given the nature of the problem,
it is mandatory to use quantum mechanics for an accurate description of the system.
Moreover, even if the system is conformed by a few particles, the interaction between
these particles creates quantum correlations that make the wave function of the system
a complicated object. This is known as the many-body problem. As a result, the expec-
tation of an exact solution of the Schrodinger equation becomes an impractical, or even
impossible, task to accomplish. To address these challenges, several approximations at

different levels of theory have been proposed for solving this problem.

1.1 The Adiabatic Born-Oppenheimer Approxima-

tion

In principle, all the properties of a quantum mechanical system consisting of IV electrons
and P nuclei of charge and mass Z; and M, respectively, that interact among them-
selves under the influence of electrostatic forces and in absence of external potentials,

can be derived by solving the time-independent Schrédinger equation:

H|U L) = B4V 4), (1.1)

where W4 is an eigenstate or wave function with quantum number A and E,4 is an

eigenvalue corresponding to the energy of the system. Its eigenfunction is given by:

<r|\IIA> = \IIA (r17 R 7rN7R17 R 7RP> = ‘1114 (I', R) ) (]‘2)
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where r = r;...ry and R = R;...rp correspond to the set of the N electronic

and the P nuclear coordinates, respectively. The Hamiltonian for this non-relativistic

system i}

H= ~ \V4: 3 A, 2 oL & 1
__;QMI I_Zl ;JZ|RI_RJ|+QZZ|ri_rj|
= 1= #1 i=1 j#i
P N
B Z (1.3)
RN v

=T+ T+ Vir+ Ve + Vi,

where the first and second terms of the equation are the nuclear and electronic
kinetic energy, T, T and T v, and the last three terms, ‘A/[ I, ‘Afe,e, and 17176, account for the

nuclei-nuclei, electron-electron, and nuclei-electron Coulomb interactions, respectively.

Thus, it can be noticed that we have to deal with a 3 (N + P) degrees of free-
dom problem. Moreover, the Coulomb interaction is the result of pair-wise terms that
make impossible to separate the many-body Hamiltonian of equation into single-
particle ones. In this manner, an analytic solution for macroscopic systems is impossible
(N, M ~ 10?3), therefore the use of approximations is mandatory to tackle this prob-
lem. Given the difference between the electron and nuclei masses (M; ~ 103m,), it is
possible to assume, within the classical scheme, electrons will move much faster than
the nuclei, hence every time the nuclei moves, the electrons will adjust their position
with respect to the nuclei almost instantaneously. This allows us to treat electrons
and nuclei as separate quantum mechanical systems and is the core idea behind the
Born-Oppenheimer Approximation [I]. Thus, we can assume that the equation can
be solved with a factorized wave function that separates the electronic and the nuclear

components as follows:

¥ (R, r, 1) Zp (R, 1) P, (R,T). (1.4)

The evolution of the nuclear motion is described by the ©, (R, t) wave functions, and

~ 2
1From now on, we will use atomic umts h=e=m.= 1 Thus, equation becomes: H = 3] JIV)TII +

1 ZiZ
T2 PI S T 5 L ey o i TR ]
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the electronic eigenstates are ®,, (R, r), which depend on the nuclear position only para-
metrically. Consequently, the total Hamiltonian is separable into nuclear and electronic

parts:

= (Bt Tua) + (B4 O 4 022, 0

thus, the electronic problem for a set of electronic positions r that depend on a
particular nuclear configuration R can be solved by means of the time-independent

Schrodinger equation:
H.9, (R,r)=E,(R)®, (R,r). (1.6)

The solution of equation is a remarkable approximation for understanding and
predicting properties of matter by analyzing their electronic structure and lattice vi-
brations, such as structural stability, heat capacity and sound velocity. It is important
to emphasize that most of the time the analysis are focused on the ground electronic
states, given the fact that these states are less complex to deal with than the electronic
excited states. In what follows we will not emphasize the study of excited states, be-
cause our work does not cover phenomena like electronic transport, optical properties,

and photo-dissociation, among others.

1.2 The Hartree and Hartree-Fock Approximations

In the quantum many-body theory finding the ground state of an inhomogeneous system
conformed by N particles, i.e. electrons, is one of the most relevant problems. From the
electronic Hamiltonian defined in equation [I.5, we can obtain the ground state energy

as follows:

B, = (®|H,|®) = (D|T. + U, + Vio|®) = (B|T.|®) + (B|V, .| ®) + (®[Vr|®), (1.7)
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where |®) states as the N-electron ground state wave function, T, is the electronic
kinetic energy, (7676 is the electron-electron interaction, and ‘7}76 corresponds to the

electron-nucleus interaction?. These terms can be written as:

N

— (@[T10) = 5 S (VD) = 5 [ [V (o))l (1)

=1

Uee = (®|U, .|® ZZ \|r _rj|| %//%drdr’; (1.9)

i=1 j#i

N

Vs = (0] Vons|®) = S (@[t (1) @) = / Veas (1) p (1) dr. (1.10)

=1

In the electron-electron interaction yields the two-body interaction. A first attempt
to deal with this problem, is to consider this interaction as a classical electrostatic
interaction. This implies that the electrons are now treated as non correlated particles.

Introducing the two-body correlation g (r,r’) as:
P2 (I‘, I'/) =P (I’) p(I‘l) g (I‘, I'/) ) (111>

thus, for a classical electrostatic interaction the two-body correlation is not taken
into account at all, therefore g (r,r’) = 1. This is known as the Hartree Approximation.

This approximation allows us to rewrite the electron-electron interaction defined in

equation [I.9;
// PE)p) g gy = 1 //p“rddr'. (1.12)
|r—r’| Ir — /|

This approximation ignores many characteristics of the intrinsic nature of electrons,
for instance, the effect of the repulsion force produced by two electrons or the fact that
electrons are indistinguishable spin-1/2 fermions. Therefore, it is mandatory to build a

more realistic model of the electron-electron interaction.

2From now on, Vi will be written as Vegz¢, which is a generalized form of the electron-nucleus interaction.
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Repulsion force can be easily included by adding a term that incorporates exchange

and correlation effects:

// |r—r’|dd T3 // |r_r/| r,r') — 1] drdr’. (1.13)

On the other hand, we have to redefine the wave-function in such a way that it is anti-
symmetric in order to obey Pauli’s Exclusion Principle. This can be done by proposing
an anti-symmetrical many-body wave function in the form of a Slater determinant.

This approach is the Hartree-Fock approximation:

Pay (rl) Pay (1‘2) Py (rN)
o = s | P g )y
Pay (rl) Pay (rQ) o Pan (rN)

where @,, (r;) is the j one-electron wave-function at the ! state. This is the result
of Hartree’s assumption that the many-electron wave function can be expressed as a
product of one-electron orbitals. Although the determinant in equation satisfies
Pauli’s Exclusion Principle, there is still the lack of the correlation term that arises from
the interaction between electrons. However, it is important to highlight that despite the
fact that neglecting the electron-electron interaction is indeed a very crude approach,
solving a single-body problem is much more easier than a many-body one. This is the
reason why several mean field theories have been proposed for dealing the many-body
electron-electron pair-potential into a single-body operator that behaves as an external

potential, like the electron-nuclei interaction.

1.3 The Hohenberg-Kohn Theorems

Two main approaches were developed for understanding the interacting electron gas.
The first one treated the electrons as non-interacting particles that exhibit collective

excitations [2]. The other one, known as the Thomas-Fermi method [3, [4], defines
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the atom as an ensemble of an negatively charged cloud, that is made of uniformly

distributed electrons, around a nuclei that is characterized by its spatial coordinates

and momentum, i.e. a six-dimensional phase space, in which the total energy of the

system could be represented as a functional of the electronic density n, ().

In the early beginnings of Density Functional Theory (DFT), Hohenberg and Kohn

[5] proved that there exits an universal functional of the density F' [n, (r)] that allow us

to calculate the ground-state energy E,—q [na—o (r)] associated with a certain external

potential V., (r). The core of DFT lies on the two theorems proposed by Hohenberg

and Kohn [5] [6]:

THEOREM 1:

For any system of interacting particles in an external potential
Vext (r), the potential Ve (r) is determined uniquely, except for

a constant, by the ground state particle density ny,—o (r).
PROOF:

(r) and

(r) which differ by more than a constant. Each potential

Let’s suppose two different external potentials V!,
V2

ext

leads to a different Hamiltonian, namely H' and H 2 which have

different ground state wave functions ¢!_, and ¢2_, which are

hypothesized to have the same ground state density m,—o (r).

Since ¥2_, is not the ground state of H', we have:

Eclyzo = é=0|ﬁ1|¢ézo> <A i:oﬁ'jlwi:o)‘

Rewriting ( 2:0|ﬁ1|¢3:0>3

<¢§=0|ﬁ1’¢3=0> = <¢i=o|ﬁ2|¢i=0> + < i:o“ffl - ﬁ[2|¢i=0>

= B2+ [ ama (1) [Va () = V2, (0]

10
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Replacing into the first expression:

B < Bieg t [ aco (5) [V (1) = V2, ()] i

Repeating the same procedure for E%_, we obtain:

%o<@o+/Mo®W%®—EAMﬂ-

Adding the two inequalities we finally get:

Eo o+ E_ o <Eio+E2,

Since this result does not make any sense, it can be concluded
that is not possible that two different potentials can lead to the
same ground state density. Additionally, since the Hamiltonian
is fully determined, all the many-body wave functions for the
ground and excited states are also determined. Thus, if only the

ground state density n,—o (r) is given, it is possible to determine

all the properties of the system.

11
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THEOREM 2:

An universal functional for the energy E, [n, (r)] in terms of
the density n, (r) can be defined, valid for any external poten-
tial Vex (r). For any particular Ve (r), the exact ground state
(e = 0) energy of the system is the global minimum value of this
functional and the density n, (r) that minimizes the functional

is the exact ground state n, (r).
PROOF:

If n, (r) is specified all the properties of the system can be
uniquely determined, therefore the total energy functional can

be expressed as:

EYX [ (£)] = T, [ ()] + U [0 ()] + / i () Vi (1) di

= 8 [n, (r)] + /na (r) Ve (r) dr.

Let’s consider a system with ground state density n! (r), which
corresponds to the potential V!  (r). The Hohenberg-Kohn

functional (FX [n, (r)]) is equal to the expectation value of the

Hamiltonian in the unique ground state that has wave function

Vo

B = (WL HYL).

Now, if we consider a different density n? (r), corresponding to

a different wave function 1?2, we obtain;
By = (WalH'W2) > (ol H'[vy) = E,.

Therefore, for any density n, (r) different from the ground state

density n,—g (r), the energy evaluated by F¥ [n, (r)] is greater.

12
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Thus, the universal functional F% [n,, (r)] does not depend explicitly on the external
potential, but on the electronic density of the system. Moreover, this functional is
sufficient to determine the exact solution of the full many-body Schrodinger equation,

and consequently its ground state energy and density.

1.4 The Kohn-Sham Equations

In order to implement DFT, Kohn and Sham [7] proposed a practical approach based
on separating the different energy contributions: the many-body problem is replaced
with an auxiliary system that is easier to solve. This new system, contrary to the
interacting electronic system, is a non-interacting one that would have the exactly
same ground state density. This implies, that the Hamiltonian of the non-interacting

electronic system is now separable:
N 9 N
H,(r) = —— V2 +VES (x| =Y H"(r). 1.15
0= 3 |5 h VI )| = () (1.15)

Here V&9 (r;) is the reference potential in which the ground state density of H® (r)
equals n, (r), and the Hohenberg-Kohn’s theorem ensures the equivalence between the
ground state energy and the energy of the non-interacting system. The total Kohn-
Sham state [¢)X%) of the non-interacting electrons is exactly described by an anti-
symmetrized wave function of the Slater determinant type, made of one-electron or-

bitals. The Kohn-Sham one-electron states of the one-electron states |¢,,) satisfy:
HKS|¢ai> = €a;|Pa,)- (1.16)

Moreover, the density can be written in terms of the single-particle wave functions:
N

N (r) = Z |, (T) 2. (1.17)
i=1

From the second theorem of Hohenberg-Kohn, the electronic energy functional can

13
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be written as:
E° [na] - Te [na] + Ee,e [na] + Eemt [na] ) (118)

where .. [ns] corresponds to the electron-nuclei interaction energy:
Eert na] = /drna (r) Vg () . (1.19)

However the first two terms of equation|1.18 cannot be expressed in a straightforward
form as the third one. Then, it is necessary to determine the non-interacting kinetic

energy T55 [n,]:

TH [na] = (W55 T0l)
N N (1.20)

It is important to point out that the density dependence of TX% [n,] is implicit and
comes from the density dependence of the single-electron wave functions ¢,,. Never-
theless, the expression derived in equation [1.20] is not the exact kinetic energy of the
interacting system. The error arises due to the lack of the correlation contribution to
the kinetic energy and it comes from the fact that the true many-body wave function

is not a Slater determinant. A similar procedure is followed to determine EXZ [n,]:

Ee[,(es [na] = <w§S|Ee,eW§S>

1.21
= Ey [no] + Ex [na], ( )

where:

Ep [na] = %// ey () Mo () (1.22)

v — |

is the Hartree energy and corresponds to the self-interaction of the electronic density,

and:

14
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1 a: (T) Ga, (t) 07, (1) G, (')

Ex[ns = —= drdr’ — E .
x [na] = =5 z;// R (1.23)
is the electronic exchange energy which accounts for the antisymmetric nature of
the wave function. As it happened for T [no], EEZ [n,] lacks of the correlation
contribution to the electron-electron energy. Taking this correlation terms into account,

we can rewrite the total energy functional from equation [1.18| as:

E¢ng) = TES ng) + B [na] + Ex [na] + Eewt [Na] +Te [na) + Eeec [na] . (1.24)

Given the nature of the problem, the only way to obtain the exact correlation contri-
bution is by solving the many-body Schrodinger equation, therefore mean field theories
such DF'T the correlation terms are approximated to some degree. Additionally, given
the difficulty of evaluate Ex [no] in comparison with T2 [n,], Eg [n.], and E. [na),
it is a common approach to approximate the exchange energy as well. Thus, grouping
the terms that are approximate, we obtain the exchange and correlation term F,. [n,],

leading to the final form of the total energy functional:

E* (0] = T [n0] + B [1a] + Bt [0] + Ene 0] (1.25)

If we know the functional E,.[n,], then the exact ground state energy and density
of the many-body problem could be found by solving the Kohn-Sham equations for a

non-interacting system.

15
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1.5 LDA and GGA Exchange-Correlation Function-

als

Many F,. functional have been proposed in the past years, however the most famous
approximation is the Local Density Approximation (LDA). LDA was first formally
introduced by Kohn and Sham [7], although the idea behind this approximation was
already used by Thomas, Fermi and Dirac in their theory. The approach of LDA
assumes the exchange-correlation energy contribution ELP4 [n] as a functional of the
ground state energy. The inhomogeneous electronic system is considered as a locally
homogeneous electron gas in which the exchange-correlation hole can be calculated at
every point r with electronic density [n,] accurately, and its energy can be written in
terms of the average energy of the homogeneous electron gas eZF [n (r)] [8], where the

energy remains constant throughout space}
ELPA ] = / drn (r) 176 [n (1) . (1.26)

HEG

HEG [ (v)] is parametrized as €IF9 [n (r)] = e£PA [n (r)] = e£P4 [n (v)]+

In practice, € ook

eLPA[n (r)], where the calculation of the correlation term depends on the nature of the
density of the system, therefore several parametrizations of this term have been carried
out [9, 10, 11, 12] 13|, T4, 15]. On the other hand, exchange term is computed as:

(LDA ] — —Z <§> n'/ (1.27)

T

Despite its simplicity, LDA has proven to behave better than expected and is still
used today. However, major issues such as its failure for dealing systems which inho-
mogeneities are high or the overestimation of binding energies, and consequently the
underestimation of the bond lengths, have motivated the develop of semilocal approx-
imations that try to take into account the inhomogeneities in the electronic density.
This is done within the Generalized Gradient Approximation (GGA) scheme, where
non-local terms are included in order to introduce a correction with the gradient of the

density:

3For simplicity, we drop the a = 0 indices.

16
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%@m:/mm@%m@mmmy (1.28)

Over the years several gradient expansions have been proposed [16, [I7, 18] and they
have marked an improvement over LDA in different aspects such as binding energies,
atomic energies, bond lenghts, and angles. For this work, our calculations were per-
formed using the PBE (PBE) [I8] parametrization of the E,.:

ELPE [n) = EFPP () + EFPP [n]. (1.29)
The exchange energy EXB¥ [n] in the PBE functional has the form:

EPBE o) = / dr [] €44 [ (v)] F (s) (1.30)

where eLP4 [n (r)] is the same used in LDA (equation |1.27)). F} (s) introduces the

x

gradient correction to the density:

Fo(s)=1+k— (1.31)

K
1+ “52/57

with s = % and & < 0.804. On the other hand, the correlation term EFBZ [n] has

6n3/4
the form:
EPBEp] = /drn (r) (eXP4[n(r)] + H [n(r),( 1)), (1.32)
where €204 [n (r)] is the correlation contribution to the energy from LDA. H [n (r), (, 1]
is built as:

14 At?
Hn(r),( t] = 7¢°In ll + §t2 (1 n A:; +tA2t4)} : (1.33)

Here, ¢ = [(1 + C)2/3 —(1- C)z/g} /2 is a spin-scaling factor with magnetization
density (. The density gradient parameter is defined as t = |Vn|/2¢ksn, where k; is

the Thomas-Fermi screening wave number. v = [1 — In (2)] /7% and the function A has
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the following form:

A= é e*e.fDA[n}/('ﬂﬁg) _ 1} ' (1.34)
Y
Finally, the parameter p introduced in the equation [1.31]is related to 3 via:
8 (1.35)

MZE
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Chapter 2 Electronic Structure

2 Electronic Structure

Condensed phases in general are macroscopic objects that are made up of a immense
number of atoms, of the order of Avogadro’s number (~ 6x10%*). In a microscopic scale,
crystalline solids can be effectively treated as infinite by means of a basis constituted
by a few atoms that is replicated periodically uninterruptedly along one, two, or three
directions in space. Bloch’s theorem is used to take advantage of the periodicity of the

system, making the analysis and its implementation, much easier.

The methodological efforts also include different types of representation of the non-
valence electrons, in an attempt to describe the electron wave functions in an accurate,
yet computationally favorable way. This is achieved with pseudopotentials and other

related techniques, such as the projector augmented wave method.

2.1 Bloch’s Theorem and Plane-Wave Basis Sets

In a perfect crystal, the ions are arranged in a regular, periodic array, that is charac-

terized by a Bravais lattice, whose position vectors R are of the form:
R = nia; + nqag + nsas, (21)
where n; and a; are integers and the primitive lattice vectors (not all in the same
plane), respectively. For a deeper understanding of periodic structures, it is necessary

introduce the reciprocal lattice, which can be constructed from the three primitive

vectors:
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The primitive vectors of the reciprocal lattice must satisfy b, - a; = 2md;;, where
0ij =0, ©# jand ¢;; =1, ¢ = j. Now, any vector k can be written as a linear

combination of the b;:
G = m1b1 + m2b2 + m3b3. (23)

Due to the periodic structure of a crystal lattice the Hamiltonian is periodic, thus

for any R:
He(r)=H°(r+R). (2.4)

Which also holds for any effective single-electron Hamiltonian and potential, and
keeping the same notation are H%% (r) and V%9 (r), respectively. Bloch’s theorem [19]

states that the single-electron solutions must be of the following form:

¢nk (I') = eik.runk (I') (2 5)

(bnk (I' + R) = eik.Rd)nk (I') )
where upy (r) has the periodicity of the lattice, n is a band index, and k is the wave
vector of the electron. Several methods have been proposed to solve the Kohn-Sham
equations in periodic systems, such as pseudopotentials and the projector augmented

wave method (PAW), which will be explained in the following sections.

2.2 Pseudopotentials

We consider valence electrond| to be those outside of a closed shell configuration. The
s and p electrons are usually considered valence electrons, since they are responsible
for bonding. This is why, in some cases, it is more convenient to treat valence electrons
and core electrons separately, being these core electrons those that are tightly bound

to the nuclei and are not involved in chemical bonding. Therefore, one can neglect the

4 Although all electrons are the same, this language abuse is used to indicate single-particle electronic states,
rather than electrons themselves.
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consequences of core electrons in the valence electrons’ wave functions by treating the
first ones as frozen orbitals. The effective core potential, or pseudopotential, represents
the nucleus with its core electrons and it reduces significantly the number of degrees of
freedom of the electron gas, because the number of electrons that are treated explicitly

is smaller, therefore the amount of computational resources that are need decreases as

well.

Once the wave functions inside the core region can be neglected, these can be replaced
with a smooth, nodeless function 15 (r) that outside the cutoff radius R., coincides
with the all-electron wave function 1 (r). Thus, the pseudo-wave function v (r) is

constructed as follows and it is shown in figure 2.1}

T o
Y, (1) , for |r| < R,.

r

* + Rc
VP (e) /

Figure 2.1: Schematic illustration of all-electron (blue, dashed lines) and a pseudoelectron (red, solid
lines) potentials and their corresponding wave functions. The radius at which all-electron and pseu-
doelectron values match is the cutoff core radius R, (black, dotted line).

The pseudopotential approximation has established itself as an accurate method
for studying structural properties in solids, despite the inevitable (sometimes large)
deviations from the experimental values, which are caused by the density functional

method used and not the by use of the pseudopotential approximation [20]. However,
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when core-valence correlation or-overlap effects, among others, become relevant it is
then necessary to reevaluate the use of pseudopotentials. For instance, in the theoretical
study of materials under high-pressure it is mandatory to have certainty that the valence
densities of the neighbouring atoms do not penetrate significantly into the core region
of the atom carrying a pseudopotential. In cases like that, single-point all-electron

calculations at the optimized pseudopotential geometry are advisable.

2.3 Projector Augmented Wave Method

The implementation of the Projector Augmented Wave (PAW) method [21] overcomes
deficiencies of the pseudopotential method for dealing with d and f orbitals. Near the
ion core, the wave function oscillates rapidly (see figure blue dotted line) and this
implies that a very fine mesh is required to describe the wave functions accurately- The
PAW approach deals with these oscillatory wave functions by transforming them into
smooth wave functions and providing a way to compute the all-electron properties from
them.

Let’s consider an atom a enclosed within some atom-specific augmentation region
lr—R/| < r2, where r? is the cutoff radius of that region. The all-electron wave functior]’

is related to a pseudo-wave function as:
[0i) = Tl (2.7)

It is important to remember that after a certain distance from the core, the true
wave function is already smooth, therefore, T should modify it in the region near the

nuclei:

T = 1+Z7A-a, (2.8)

5The all-electron wave function corresponds to the Kohn-Sham single particle wave function and it should
not be confused with the many-body wave function.
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thus, the effect of 7% is limited to the augmentation region.

In the augmentation region, and around each atom a, it is convenient to expand the

pseudo-wave function into pseudo-partial waves:

o2) = (1+77) 162)

3 K o 3 (2.9)
= |dn) + T ¢n) = Tdn) = |¢n) —on).

Outside the augmentation region 7 should be doing nothing, implying that ¢2 (r) =
q}% (r). Inside the augmentation region the partial waves form a complete set, therefore

we can expand the pseudo-wave functions as:

(i) = caldn). (2.10)

Given the linear nature of the 7¢ operator, the coefficients ¢, can then be written

as an inner product with a set of projector functions |[p?):
cn = (Prldn). (2.11)

The projector must be localized within its own augmentation region. Additionally,
since the augmentation spheres do not overlap, we expect to one center expansion of
the smooth wave function [¢¢) = 3 |62} (52]1;) to reduce to |) itself inside the aug-
mentation sphere. Therefore, the smooth projector function must satisfy the following

condition inside the augmentation sphere:

> leny el =1. (2.12)

This also implies that the projector functions should be orthonormal to the smooth

partial waves inside the augmentation sphere:
(D, |Dny) = Onymys for|r —R| < g (2.13)
Using the completeness relation (equation } and equation , into 7 we have
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that:

=T el =Y (1o — 162)) (52l (2.14)

n

Taking into account that outside the augmentation region 7 = 1 and ¢% (r)—¢% (r) =

0, we can rewrite equation [2.§] as:

= 1+ZZ (|¢“ |65) ><~“| (2.15)

Replacing T into equation we can then obtain the complete wave function in the
PAW formalism:

‘wz =

1+ZZ(\¢@ r¢a)<ﬁzr] )
rmeZ ) (l6s) - 160))

(2.16)

2.4 Computational Method

Our electronic structure calculations were carried out using the software suite Quantum
ESPRESSO [22] 23]. The self-consistent calculation for the electronic energy is described

in the following flowchart:

The initial wave function guess is built by the superposition of the individual atom’s
valence electron wavefunctions. This density allows us to construct the V5 potential,
and consequently solve the Kohn-Sham eigenvalue equation . The new eigenfunc-
tions provide a new electronic density to start over a new cycle. The calculation stops
when a convergence value (defined by the user at the beginning of the calculation) is

reached for the total energy.

In order to obtain the exact Kohn-Sham state an infinite number of plane waves are
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Initial wavefunction guess

v
Construction of the start density
"(l)in = Eg‘CF

Construction of the density of the it" cycle
by, = (L= By, + B,

i

No
5 : - Calculate the Kohn-Sham potential
IS Biop— Bigp<e? Y » END 7

20 20 7= Ey [ng]+ Eext [no]+Ezc [ng)

v
Calculate the electron density Solve the Kohn-Sham equation
2 7 % i
T = 3 16l (TS + 775 16a) = Bicrlga)

Figure 2.2: Reduced flowchart of the self-consistent sequence for solving the Kohn-Sham equation.
|AE)| is the difference between two consecutive self-consistent cycles and € is the chosen threshold.

need. As this is, in practical terms, impossible, one must fix an energy cutoff for the
plane waves: Ecuorr > 1/2|k + G|. This value determines the number of G vectors in
the expansion that satisfy the desired accuracy of the electronic energy. Additionally,
the number of k vectors in the first Brillouin zone for an ideal crystal is also infinite.
Instead, a Monkhorst-Pack grid [24] is chosen and optimized. Both, E,.,fs and k points
grid, depends on both the system to analyze and the pseudopotentials used. Finally, for
a better and faster convergence in metallic systems, a smeared function is introduced
for calculating the ground state density. This was done by introducing a low electronic

temperature using the Fermi-Dirac smearing function.
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3 The Nuclear Problem

The adiabatic Born-Oppenheimer approximation makes a distinction between the mo-
tion of the electrons and the nuclei, thus, leaving us with two equations to solve. So
far, we have shown the way of solving the first equation, corresponding to the electronic
part. Although many properties of solids are directly related to the electronic degrees
of freedom, many others, such as superconductivity and thermal conductivity, originate
from the nuclear motion. The nuclear Schrodinger equation holds the information

about the ionic motion, and it is solved for the electronic ground state (o = 0).

3.1 The Harmonic Approximation

In a crystal structure, its equilibrium lattice sites correspond to the positions of the
ions at the local minimum of the Born-Oppenheimer energy surface. From now on, the
nuclear positions are not fixed parameters any longer, therefore, we can now define the

position of an ion s that has a displacement u from its equilibrium position as:
R, = R! + u,. (3.1)

In order to know about the nuclear motion, and the physical properties related with
it, we can calculate the contribution of atomic vibrations to the free energy of the
system trough the harmonic approximation (HA). The goal in this approximation is
to find the normal modes of a crystal by calculating the energies (or frequencies) of
the non-interacting phonons as a function of their wave vectors q. This approximation

relies on the following two assumptions [25]:

- The displacements of the atoms are small and around their equilibrium positions.

- The interatomic potential U(R) can be expanded in a Taylor series and we keep only

its quadratic term.
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In fact, according to the second condition we have:

’
l Ul

. oU
U<R>:U<R>+Zau—l’ —ZZ o aul,

ms“m’s’
msl msl m/s'l!
(3.2)
l ll l//
+ — E E E WU, Uy W s o+ ( ),
msl m/s'l! m" s aul au m/’ ’au m!!s!" s mls s

where m runs up to the the number of q—pointﬁ in the first Brilloiun zone Ng; s up
to the maximum number of atoms per unit cell; and [ runs for the Cartesian coordinates

x, y, and z.

In equation , U(RP) is a constant with no relevance for the dynamical problem.
The partial derivative of the second terms produces a force and, by definition, must be
zero at equilibrium. Finally, if we truncate the expansion up to the quadratic term, the

nuclear Hamiltonian of any atom corresponds to a simple three-dimensional harmonic

oscillator:
H;(R) ~ UR®) + Z 4= Z R RV (3.3)
msl 2 it
where:

And it corresponds to the interatomic force constants. The Fourier transformed force
constants are defined as:

(I)ll/l (I)ll’ 7z(q-RmS+q’-Rm/s/)
ss E

, , | (3.5)
Q)lSlS/ ( ) qDSS/ ( q) - Z q)ﬁlsm’s’e_Z(q.Rms).

m

Similarly, let’s define the Fourier transforms of the nuclear displacement and mo-

SThe number of g-points are not necessarily the same number of k points Ny used for the electronic structure
calculation.
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mentum operators:

1 o
ul (q) = > el (3.6)

vV Nq

1 .
Pl(q) = N > eatmpl (3.7)
qa n

By assuming the following transformation to the bosonic ladder operators,

N Y.
Usg (Q) = Zu: \/m iu <Q) (buq + bu7q> ) (3.8)

Py (q) = —i Z \/ %M(q)elsu () (buq - b;rhq> ’ (3.9)

where €, (q) and w, (q) are the polarization vector (of atom s in the unit cell) and
the vibrational mode p with momentum q, respectively. Additionally, the following

commutation relation are satisfied:
[bumb}:/q/] = 5##’5qq'7 [buqa bu’q’] =0, |:qu7 bL/q/] =0. (3-10>

The nuclear Hamiltonian can be diagonalized and written, in the second quantiza-

tion, as a sum of independent harmonic oscillators [19]:

15tBZ

1
Hi=Up+ Y Y wuilq) (b,tqb,m + 5) , (3.11)
H q

where the eigenvalues are defined as:

0 (@) = U+ (@) (mpa + 5 ) (312

Here, Uj is the ground state electronic energy of the system at equilibrium and it
already includes the contribution due to the ion-ion interaction. The vibrational modes

w, (q) are the phonon frequencies that allow us to determine the phonon spectrum,
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which is the phonon frequency vs. momentum dispersion relation. Finally, the polar-
ization vectors (eigenvectors) and phonon frequencies (eigenvalues) can be obtained by
diagonalizing the dynamical matrix DY, = &%, (q) /\/msmy:

wh (@) eh, (@) =) Z DY, (q) €, (q).- (3.13)

s/

With the advent of methods for solving the Schrodinger equation based on den-
sity functional theory (DFT), several ab initio methods for studying harmonic phonon
properties of solids have been proposed, such as the frozen phonon approach [26], 27],
supercell small displacement method [28, 29] and density functional perturbation the-
ory (DFPT) [30]. Because of these developments, ab initio calculations of harmonic
phonon dispersion curves and phonon mode Griineisen parameters have become rou-
tine. Therefore, effects related to the lattice dynamics, such as lattice specific heat,
Debye-Waller factors, thermal diffuse scattering, among others, that are correctly de-
scribed within the harmonic approximation, can be (relatively easily) estimated due to

the optimized computational codes that are available nowadays.

3.2 Linear Response Theory for Phonons

Once the nuclear problem is formulated, it is necessary to solve the derivatives of U that
appear in equation for obtaining the dynamical matrices. An ab initio calculation
of these derivatives is a burdensome task. Fortunately, through the Hellmann-Feynman
theorem [31], B2] the first derivative of the energy can be calculated in a much easier

manner:

oy 81/} L4 /dxn (x) —8Vext (X) (3.14)

Dl — (gl 2 L |¢o> ol

ms

Similarly, the dynamical matrices can be obtained from equation [3.14] as
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o 02U
msm/s’ —au’lmsaug_;l/s, Ro
2
_ / axn (x) 22| Pen &) / dxen () 2 et ()
aulms RO augns RO 0u§msaum’s’ RO (315)

0%V,

+ e (;() .
aulmsau’m’s’ RO

Equation [3.15|shows how the electronic properties can be used for calculating phonons.

However, it requires to know the electronic density n (x) and its derivative with respect
on(x)
Oul,

to the nuclear positions . The latter can be calculated from linear response theory:
the density response function x (x,x’) relates the change in the electronic density due

to any external potentia]ﬂ Viewt:
An (x) = /dx’x (x,x') AV (X) . (3.16)

If we assume that the electron-ion potential changes linearly with respect to the
nuclear displacements, we can expand any function f that depends on this parameter
as f(x) = f%(x)+Af (x), where the first term corresponds to the value of f evaluated

at the equilibrium positions of the ions, and:

Af) = )

msl

Uppss (3.17)

RO

thus, the derivative of the density can be expressed as:

on (x)

1
oul

= /dXX (x,x") %,(X) (3.18)

Now, it is straightforward to rewrite the dynamical matrix in terms of the electronic

density response function:

“For lattice vibrations, the external potential is the change due to the displacements of the ions from their
equilibrium positions that modify the electron-ion interaction.
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2 /
—8 u . = /dxdx’ —a‘/e:ct () X (x,x) —avewt, (')
aul 8ul 't |0 aul 0 aul 1ol 0
ms m’s’ IR ms R m's R (319>
+ / dxn (x) P Vewr (x). OV (x).
oul, oul, |go  OubOUl, R0

The density response is calculated as:

3 (Wiln () [96)(Waln () [¥5) | (Peoln ) [15) (Waln (%) [teo)

X (x,x") = lim ~ , - :
(Ef — E5) +1n (Ef — E5) —in

n—0+
ey

(3.20)

Although this method has proven to be successful when applied to several systems
[33, 34], B35, B36], it has some limitations as well, being very critical the extremely high
demand of computation resources for calculating ab initio the response function for real

systems. This flaw was overcame by means of the perturbation theory.

3.3 Density Functional Perturbation Theory

As the name suggests, this approach takes advantage of the first order perturbation
theory for calculating, from the displacements of the ions from their equilibrium posi-
tions, the variation of the Kohn-Sham orbitals. This allows us to obtain the induced

electron density and finally get the force constant matrix.

We begin by making a first order expansion in the following quantities:

HKS N HKS+AHKS7
€nk —7 €nk + Aenk;

k) = |Puic) + Aldni); (3.21)
n(x) —» n(x)+ An(x).

With them, we obtain an eigenvalue problem at linear level:
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(H" — eni) [Ahnie) = H™| Atppc) + AHS5| Athie) — €l Athie) — M| Atdyie)
+ H S hae) — H [thyac) + €nteltonic) — €ntcltbmic)
+ AH i) = AHS ) + A tni) — A )
= H™|thne + Athae) + AH" [t + Ahric)
— (H"™® + AH") [thnk) — €nic|nk + Athp)
— Aépi|[nk + Athni) + (€nx + Aénk) Vi)
= H"|thpie) + AH™ [thpie) — H* i) — €macltonic)
— Aénk|tni) + €nk|thnk)
= (AH"® — Acyc) [¥nic).-

(3.22)
This expression is know as the Sternheimer equation [37] and is the perturbed version
of equation [1.16]

The electronic density is calculated by filling the electronic states of energy e follow-

ing the zero temperature Fermi-Dirac distribution 2 [0 (er — €)]:

15tBZ

n(x) =Y > 20 (ep — ) [dnk (x)|°, (3.23)

where € is the Fermi energy of the system, which indicates the energy of the highest
occupied electronic state, and the factor 2 is included to account for spin-degeneracy.

The change in the electronic density is obtained by a simple derivation of equation [3.23}

15tBZ

An(x) =2Re > Y 2[0 (ep — €n)] O (X) Adic (%) . (3.24)

Finally, we get the change in the Hamiltonian AH®® using the functional derivative

of the electron-electron interaction potential with respect to the density:

AHRS (x) = AV (x) + /de (X,x") An (x'), (3.25)
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where K (X, x’) is the kernel of the integral and is defined as:

_Vu(x) | Vae(x) 1 o
N (STL(X/) * 5n(x’) o |X—X’| +f930( ) ) (326)

K (x,x")
Equations [3.22] [3.24] and [3.25] form a set of self-consistent equations for the per-
turbed system and follows a similar procedure as the one described in figure 2.2}

Our dynamical matrices were calculated using the ph.x code of the PHonon package
of Quantum ESPRESSO [22] 23]. Since DFPT calculations require a large amount of
computational resources, the first Brillouin zone in a g-point mesh and the phonons
are calculated only at those points. The force constant matrix is obtained by using
a discrete Fourier transform as implemented in the ¢2r.x code of the same package.
Finally, we obtain the phonon spectra by performing a Fourier interpolation in the
reciprocal space. This is done by making use of the matdyn.z code that is also available

in the PHonon package.

3.4 The Quasi-Harmonic Approximation

Although widely used, the harmonic approximation (HA) has some severe flaws that
make this model imprecise for the description of several thermal properties. For in-
stance, since the vibrational frequencies do not depend on interatomic distances, the
vibrational contribution to the internal energy does not depend on volume, therefore,
the equilibrium volume of a crystal does not depend on temperature. Apart from
this, the harmonic approximation predicts an infinite thermal conductivity, vibrons or
phonons with an infinite lifetime, and the temperature independence of the vibrational

spectra [38].

As a way to correct some of the biggest errors in the harmonic approximation, the
quasi-harmonic approximation (QHA) was proposed [39, B8]. QHA deals with some of
the most relevant inaccuracies of the HA without requiring any explicit calculation of
anharmonic interaction coefficients, and has been used with density functional theory

(DFT) and density functional perturbation theory (DFPT) in several applications that
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are relevant for planetary sciences. In the QHA, the anharmonicity is considered as a
weak effect, and, by taking into account only the thermal expansion, the atomic force

constants and the phonon frequencies are renormalized [25].

The Helmholtz free energy of the crystal is determined via the regular harmonic
expression, but constraining it to some global parameter upon which vibrational fre-

quencies may depend:

F(X,T) = Uy (X) + Fo (a|X) + Finermar (4, T|X) (3.27)

where X is the global constrain, which is usually the volumd| V. Thus if X =V,
the lattice vibrations remain harmonic but with volume-dependent frequencies. On the
other hand, Uy (X) is the electronic energy at zero temperature, and Fp (q|X) is the

zero-temperature energy of the crystal as a function of V:

15tBZ

FyalV) = Fy (a) = %Z > wla (3.28)

[\

And the thermal free energy is given by:

1
Fthermal (Q7 T|V) = Ehermal (qa T) = _FkBTln (Zthermal)

q

1 15tBZ
- _Fl{;BTln H Zze_nwu(Q)/kBT

4 a n(q #

1 [15tBZ o
z—FquTln H Z emen(@/ksT)"

15tBZ

:—kBT Z lnz (1 — emem(@/kaT)

(3.29)

The equation of state can be obtained when equation (3.29)) is differentiated with

8Thus, the free energy of the crystal does not depend any longer on the coordinates of the atoms, but only
on its volume.
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respect to volume:

OF ouy, 1 1 1
P=—gv| =~av *v zq: ln%:wu (@) . (a) (5 + m) - (3:30)

where 7, (q) are the Griineisen mode parameters and are defined as:

V. 0w, (q)

%u(q)=—wu<q) T (3.31)

Nevertheless, perhaps due to the simplicity of both harmonic and quasi-harmonic ap-
proximations, that also make them easy to implement in computational codes, these two
approaches fail when they try to explain properties and phenomena that are related to
thermodynamic, kinetic and dynamic properties of strongly anharmonic lattices. One
case in which these situations occur is when the atomic displacements around their
equilibrium positions are much larger than the range in which the harmonic potential
is valid. Similar behavior has been observed when systems are close to a dynamical
instability, light atoms are present, or when the temperature is close to the melting
point of the solid. In these instability scenarios, i.e., materials close to a temperature
or pressure-induced phase transition, it is mandatory the inclusion of anharmonic cor-
rections to the free energy for describing accurately the thermodynamic properties of

the system of study.

3.5 Anharmonic Corrections to the Helmholtz En-

ergy

The definition of harmonic and anharmonic varies from one treatment to another. In
this context, the word harmonic means that the modal are independent of both V'
and T'; on the other hand the quasi-harmonic approrimation assumes that the modal
frequencies are independent of T but dependent on V', as (dlnw,, (q) /0InT),, is zero.

Therefore, it can be asserted that there is some anharmonicity in the quasi-harmonic
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approximation because the bond oscillations are no longer strictly sinusoidal. Thus,
anharmonicity can be defined as contributions in T' terms to the free energy beyond

those arising from the quasi-harmonic thermal energy.

Several attempts have been proposed to include anharmonicities, being ab initio
molecular dynamics (AIMD) [40] one of the most commonly used. However, since AIMD
is based on Newtonian mechanics, quantum nuclear effects are not well characterized.
Therefore, AIMD is limited to temperatures above the Debye temperature. A way to
overcome this limitation is to use quantum baths [41l [42], but this solution has the
disadvantage that it is only valid for harmonic potentials [43, 44]. Nevertheless, this
problem can be overcome by using path-integral molecular dynamics (PIMD) [45], but

it requires massive computational resources, making its implementation very restricted.

Recently, a new method [46] has been developed to deal with anharmonic effects be-
yond perturbation theory: the stochastic self-consistent harmonic approximation (SS-
CHA). In this method, the free energy is minimized with respect to a trial density
matrix described by an arbitrary harmonic Hamiltonian. The minimization is done
with respect to all the free parameters in the trial harmonic Hamiltonian, like phonon
frequencies and eigenvectors, and by following a stochastic procedure, the gradient of
the free energy is calculated. This approach is valid to treat anharmonicities at any
temperature in the nonperturbative regime and can be used to calculate thermody-
namic and dynamical properties, among others, being less computationally expensive
than PIMD.

3.5.1 The Stochastic Self-Consistent Harmonic Approxima-

tion

Given the nuclear Hamiltonian H = T + U, its partition function is Zy = tr [G*BH }

and the Helmholtz free energy is:

Fy = —%ln (Zy) =tr(puH) + %tr lpern (pe)], (3.32)
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where py = e #7 /tr (e7#7) corresponds to the density matrix and 1/8 = kgT. The
trial Hamiltonian is defined as H = 17 + U and we can build a trial density matrix py

from it. Analogously, we can write its corresponding free energy as:

Fu =t () + 5t [puln (o). (3.33)

By computing the free energy with the actual anharmonic Hamiltonian H, but using

the trial density matrix py we obtain:
1
Fu (H) =tr(puH) + Etr [puln (px)], (3.34)
which satisfies the Gibbs-Bogoliubov inequality:
Fyu < Fuy(H). (3.35)
Adding and subtracting tr (p%H) in equation [3.34}

For () = tr (pseH) + Stx [pwln (o20)] + tr (prcH) — tr (prcH)

g
tr (pacH) + 5t ol (o) + 15 (o — pu?)
(3.36)
— Fur (M) + tr [pw (H — H)]
— Fu (1) + tr [pw (U — 1)),

This is the function that has to be minimized with respect to the trial Hamiltonian

‘H The trial potential U is restricted to a harmonic one, so H takes the form:

"= ZZ 2mms T 3D ) S Ao (3.37)

mm/ ss’ Il

where @, is the trial force constant matrix and the atomic displacements i,y

are referred to the average nuclear positions RY.

37



Chapter 3 The Nuclear Problem

Fu (H) has to be minimized with respect to ® and this implies the implicit mini-
mization with respect to phonon frequencies w3, and polarization vectors €g,, from the
diagonalization of the force constant matrices. Furthermore, it also has to be minimized
with respect to R?, which are not necessarily the R? positions of the minimum of the

energy landscape.

The expression for Fy (H) and its gradients are the following

Fu (M) = Fy + / dR.[U (R) — U (R)] py (R) (3.38)

Vo For (H) = / dR[£ (R) - £, (R)] pn (R) (3.39)

v‘i)fH (H) \/ su?—[v ln a/ﬂ‘l) + vfbes;ﬂ-{} l/,u?/-L
mm ss’ll’ (340)

x / AR [fm (R) = fi5 (R)] (R = B™) oy (R),

with:

ay =/ coth (Bw,/2) (2wn). (3.41)

which is known as the normal length of the mode p, and R = {Ry... Ry} corre-
sponds to the nuclear configuration. py (R) holds for the probability to find the system
described by H in that configuration R. Finally f (R) is the vector formed by all the

atomic forces for the nuclear configuration R and fy (R) are the forces defined by H.

The only non-analytic terms in equations [3.38], [3.39} and |3.40 are the integrals and, of

course, the actual forces f (R).

Since integrals are non-analytic terms, evaluating them becomes a challenging, time-
consuming task. Within SSCHA, these integrals are evaluated stochastically by con-

verting them in a finite sum using the relationship:

38



Chapter 3 The Nuclear Problem

/ dRO (R) p (R) ~ Ni S OR) = (0). (3.42)

The set of R; configurations is created according to the distribution p (R). Oh is
any operator and N, is the number of configurations we have created. In the limit

N, — 00, we can recover the exact value of the integral.

The Conjugated-Gradient (CG) method is used for the minimization and it is carried

out in a subspace of the parameters that preserve crystal symmetries: a symmetrized

Define initial trial Hamiltonian

Hy
l j=Dand jy =0
Create jonic configurations with M

{Ritim1,.m

Calculate total energies and atomic forces on supercells

V(R,) and f(R;)

Caleulate gradient of free energy

Ju :‘ VF”l[HJ]

Conjugate gradient step and new parameters

Reqiet and B{j + 1)
=i+l

Create extra
ionic configurations

{Ritrenti..v

Output quantities

H="H,
FulH], Rug, {won} and {5}

Figure 3.1: Flowchart of the SSCHA procedure. The step marked in red corresponds to the ab initio
calculation of the total energies and forces on the supercells, representing (almost) all the computer
time of the SSCHA implementation. Taken from Ref. [46].
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vector basis is used to define ® and f{o, and this allows us to obtain a different num-
ber of independent coefficients N, to minimize, that will depend on the system. The

minimization process is described in figure |3.1

The initial trial Hamiltonian H, is usually the harmonic Hamiltonian obtained in
the phonon calculation using DFPTP} With this Hamiltonian, along with the py, (R),
the N, configurations are created. For each configuration the energy and the forces
are calculated using supercells. These quantities allow us to evaluate the integrals in
, and , and perform a conjugates-gradient step, that will update Rq and
® leading us to a new H;. Since each CG step is computationally demanding, create
a new configuration from every new p3;; would make the SSCHA minimization process
very inefficient. As a mechanism for improve the method, a re-weighting importance

sampling technique is used that allows rewriting equation [3.42] as:

/dRO (R) p(R) ~ Ni 20 (Ry) 5: . (3.43)

Here, jo is the latest iteration at which configurations were created. The configu-

rations created with #H,;, can be reused as long as the deviation of (pp:j

) from unity
Jjo

is not larger than a fixed parameter 7, and, in case this happens, new configurations
will be created with #H;. The minimization process ends when the chosen convergence

criterion is achieved.

9Tt is important to address that the harmonic Hamiltonian cannot be used if the system is unstable in the
harmonic approximation.
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4 Electronic Structure Calculations at

Extreme Pressure

Density functional theory is one of the most popular electronic structure methods and
it has an inherent advantage since the convergence to the exact solution is systematic.
Electronic structure calculations aim to numerically solve the Schrodinger equation for
a system with only the basic description provided. However, it is well known that
because of its nature it is impossible to solve such an equation unless one makes few
approximations. To obtain the approximate eigenstates, approximations are made on
various levels. The treatment of electron-electron interactions is the principle source
of difficulty: the physical and chemical properties of a system depend principally on
the interaction of the electrons with each other and with the atomic cores. These

interactions cannot easily be separated out or treated without approximation.

4.1 PAW vs. all-electron

Due to the extensive acceptance of density functional theory, there are a large amount of
dedicated codes that are available for the scientific community for calculating physical
properties of crystals and molecules. Thus, it is only natural to expect that they
exhibit some level of differences between them in terms of implementation of the DFT
formalism by the developers. This technical discrepancy was a major issue a decade ago
given the lack of a consensus on the results obtained with older DFT implementations.
Fortunately, this situation seems to be overcame with the release of the latest versions
of packages and suites, in which the most commonly used DFT codes and methods have

proven to predict essentially the same results, regardless the code used [47].

This new scenario has shed some peace of mind on the selection of the DFT com-

puter code for performing the calculations. However, there is still the concern regard-
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ing the numerical solution scheme for solving the Kohn-Sham equations. All-electron
approaches are traditionally considered as the gold-standard for DF'T calculations, be-
cause the ionic potential is implemented without any pseudization of the core electrons.
Therefore, this approach implies, of course, a higher computational cost, when com-
pared to other methods such as pseudopotentials. Nevertheless, since both all-electron
and pseudopotential methods have their own intrinsic advantages, it is highly desirable

to achieve high precision for both methods [48].

Since there is not an absolute reference against which to compare different methods
for performing DFT calculations, Lejaeghere et al. [47] performed DFT computations
for five distinct sets of material properties, divided into energetic (AECOh)H and elastic
quantities (Vy, Bo, B, Cij)m on 71 elemental crystals. However, they realized that is
not convenient to compare this properties directly because different units are involved.
Therefore, they presented a criterion (the A gauge) for pairwise code comparison in an
unequivocal way. For each element i, of the 71 elements that they studied, they defined
the A; quantity as the root-mean-square difference between the E*(V) profile from the
equation of state of two different methods (a and b) over a £6% interval around the

equilibrium volume Vj:

; vond (B{(V) = Ei(V))* dV "
e )= 0.12V; :
: 0

Thus, the A; value contains the information regarding the deviation between equilib-

rium volumes, bulk moduli, and any other EOS-derived observables in a single number.

Now, if we want to determine how accurate are the pseudopotential methods when
compared with all-electron approaches, we can then calculate the A value to obtain
information regarding the error bar associated with the pseudization scheme for the
different elements of the periodic table. A small error is then related with a small value
of A, so at this point, it is necessary to establish which values of A can be considered

as "small”.

From a more recent study performed again by Lejaeghere et al. [4§] they compared

10Cohesive energy.
11Volume, bulk modulus, derivative of the bulk modules, and other elastic constants, respectively.
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Figure 4.1: A values between all-electron codes and different potential sets of Quantum ESPRESSO,
namely PAW, ultrasoft (USPP), and norm-conserving (NCPP) pseudopotential methods. The tags of
the different all-electron codes stand for code/specification. Adapted from [48].

high-quality experimental data against high-precision measurements of EOS from all-
electron calculations, and the differences between codes in terms of commonly reported
EOS parameters. They concluded that a A value of 1 or even 2 meV per atom is

sufficient to state that the EOS is indistinguishable for all purposes.

In this work, we used the Quantum ESPRESSO suite [22], 23] for calculating the
physical properties of carbon, oxygen, and carbon dioxide. The values of A between
different all-electron codes, namely Elk, exciting, FHI-aims, FLEUR, FPOLT, RSPt,
and WIEN2k, and the potential sets that are available in Quantum ESPRESSO (PAW,

ultrasoft, and norm—conserving pseudopotential methods), are displayed in Fig. |4.1]

Finally, a recent study [49] tested up to eight pseudopotentials for the PBE functional
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with the PWscf and PHonon codes of the Quantum ESPRESSO suite. All the libraries
include the three main pseudization approaches: norm-conserving (NC), ultrasoft (US),
and projector-augmented wave (PAW). For the case of PAW, they include the following
libraries: pslibrary.0.3.1 [50], pslibrary.1.0.0 [51], and the library proposed by Topsakal
and Wentzcovitch for the rare-earth elements [52]. They compared the equation of state
calculated with the pseudopotential simulations with reference all-electron results. This

all-electron calculations used as reference were performed with the WIEN2k code.

The information regarding different pseudotentials that are available in Quantum
ESPRESSO, specifically for carbon and oxygen, are in table [4.1]
Table 4.1: Pseudopotential testing protocol applied to carbon and oxygen. The valence number (Z)

of the pseudotential and the A factor (in meV/atom) with respect to the reference all-electron results
are displayed.

Carbon Oxygen
Pseudopotential 7 A Pseudopotential  Z A
SG15 4  2.365 SG15 6 0.391
Goedecker 4 0.137 Goedecker 6 0.991
GBRV-1.2 4 0.279 GBRV-1.2 6 2.425
031US 4 1.620 031US 6 1.633
031PAW 4 0.443 031PAW 6 1.116
100US 4 0.787 100US 6 5.124
100PAW 4  0.424 100PAW 6 4.877

In this work, we used PAW pseudopotentials from the pslibrary.0.3.1 for both car-
bon and oxygen. Detailed information regarding their performance is described in the

following subsections.

4.1.1 Equation of state

The Birch-Murnaghann fit of the energy as a function of volume for carbon and oxygen
made with the pslibrary.0.3.1 of the PAW pseudopotential with the reference all-electron
results, is shown in Fig. [4.2]
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Figure 4.2: Comparison of the Birch-Murnaghan fit of the pseudopotential EOS (green line) with
the reference all-electron results (black line) for (a) carbon and (b) oxygen. Taken from: https:
//www.materialscloud.org as stated in Ref. [49].

4.1.2 Phonon frequencies

The information related to the different phonon frequencies are condensed into a single

parameter dw [49], that represents the relative average deviation (in percentage) among

1

all the phonon frequencies w calculated at q = %, 2 % for each wavefunction cutoff E..
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Figure 4.3: Relative average deviation of phonon frequencies with respect to the reference all-electron
results for carbon (red) and oxygen (blue). Taken from: https://www.materialscloud.org as stated

in Ref. [49].
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4.1.3 Stress tensor

The convergence of the stress is not evaluated by checking the convergence of the
pressure itself, but as monitoring its conversion into an equivalent volume. Thus, the
parameter 0V,.¢ss [49] is defined as the relative volume deviation (in percentage) due

to the residual pressure of a calculation performed at the cutoff E..
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o

Figure 4.4: Relative volume deviation with respect to the reference all-electron results for carbon (red)
and oxygen (blue). Taken from: https://www.materialscloud.org as stated in Ref. [49].

4.1.4 Cohesive energy

The quantity 6 E.., (in meV/atom) [49] is defined as the absolute difference between
the cohesive energy at a given cutoff £. an the one at the reference wavefunction cutoff
Erel,
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Figure 4.5: Absolute difference of the cohesive energy with respect to the reference all-electron results
for carbon (red) and oxygen (blue). Taken from: https://www.materialscloud.org as stated in Ref.
[49].

4.2 Exchange-Correlation Functional

The Kohn-Sham density functional theory is the most used method for the theoretical
modeling of solids, surfaces, and molecules at the quantum level, and its accuracy
depends on the chose approximation of the exchange-correlation functional (F,.): since
the exact form of this functional is still unknown, there are a large number of available
functionals for solid-state physics [53] 54], (5 56, 57] and quantum chemistry [53) 58]
59, 160, 61]. Multiple developments have made the functionals more sophisticated and
accurate, and the majority of these functionals belong to one of the rungs of Jacob’s
ladder [62], 63].

For practical reasons, pseudopotentials are the method of choice for modelling mate-
rials and it has been shown that pseudopotentials can reproduce quite well the results
obtained with an all-electron approach, with a substantially smaller computational cost
[48, [49], however as we go up the rungs of the Jacob’s ladder the functional form gets
more complex and more expensive to compute. Therefore, it is necessary to chose the
rung appropriate to the required accuracy and computational resources available for

the calculations.
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Figure 4.6: Jacob’s ladder of density functional approximations.

A recent study [64] tested a large number of exchange-correlation functional that
span the first four rungs of Jacob’s ladder. They computed several solid-state properties
(lattice constant, bulk modulus, and cohesive energy) in strongly bound solids and
weakly bound solids, separately. Omne of their most important observations in that
work was that for the solids bound by strong interactions it does not seem to be really
necessary to go beyond the GGA approximation since several of these functionals are

overall as accurate as the more expensive meta-GGA (MGGA) and hybrid functionals.

In the study of materials at high-pressure it has been stated that the transition pres-
sure between solid phases depends on the choice of the exchange-correlation functional.
Nevertheless, PBE still is a good enough approximation, based on the agreement of the
experimentally observed EOS [65, [66] and DFT calculations, although there remains a
small error in the transition pressure where it is shifted to lower pressures by less than
10%, when the vibrational contribution to the free energy is included [67]. Moreover,
when PBE is compared with the BLYP paramerization for GGA, similar total energies

and stress anisotropy are obtained [66].

The choice of PBE for our work is motivated by the performed benchmarks [64] and
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multiple high-pressure works that shows a good agreement between PBE and theoretical
and experimental equation of state [67, 66, 68 69].
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Figure 4.7: The mean error in (ME, black), mean absolute error (MAE, red), mean relative error
(MRE, blue), mean absolute relative error (MARE, green), and maximum relative error (MAXRE,
orange) on the testing set of the strongly bound solids reported in Ref. [64] for the (a) lattice constant
ag, (b) bulk modulus By, and (c) cohesive energy Eqop, when computed with LDA (full circles), GGA
(full squares), MGGA (full diamonds), hybrid-LDA (open circles), hybrid-GGA (open squares), and
hybrid-MGGA (open diamonds) functionals. The units of the ME and MAE are A, GPa, and eV /atom
for ag, By, and Egop, respectively, and % for the MRE, MARE, and MAXRE. Adapted from Ref. [64].
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4.3 Equations of State

A large number of equations in the literature are suitable for expressing the isothermal
pressure-volume relationship. Since the bulk module (By), its first derivative (Bjy),
and the deformation of the volume with respect to the reference volume (V/V;) can
be measured precisely in the laboratory, they are available to define the isothermal
equation of state (EoS). Thus, any isothermal EoS with only three arbitrary constants

can be defined completely.

Though the isothermal equation of state is strictly applicable only at absolute zero,
it is often used to describe the EoS of geophysical materials at room temperature or to
duplicate the experimental data of materials taken at the room temperature isotherm.
The justification of this rests on the similarity of the bulk modulus values of oxides and
silicates at room temperature and at absolute zero, i.e., for minerals with a high Debye
temperature [70]: for hard solid of geophysics and planetary sciences, room temperature
is well below de the Debye temperature, and B, changes little between 0 K and 273 K.

However, this statement cannot be made for soft solids like alkali metals.

The most widely used isothermal equation of state in solid geophysics is known as
the third order Birch-Murnaghan EoS [71], given by:

P =22 () - () {r Sem-0 | () -} o
E(V) = Eq 9‘?50 (%)gq B+ (%)]2[64(%> (4.3)

The long use and wide application of the Birch-Murnaghan FEoS has engendered for
it a certain authority in the literature. However, its validity in the limit of the extreme

compression has been questioned. A recent study [72] discussed the Shanker [73], Tait
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[74], [75], Vinet [76], and Birch-Murnaghan [71] equation of states to check their validity
a very large pressures. All these EOSs where compared with experimental data and
also tested for the basic criteria which must be satisfied by an EOS for its validity and
applicability as suggested by Stacy [77, [78, [79]:

1. In the limit — oo, V/Vy — 0.

2. With the increase in pressure isothermal bulk modulus must increase continuously

and in the limit of infinity pressure B — oo.

3. B{, must decrease progressively with the increase in pressure such that Bj, remains

greater than 5/3 in the limit of infinite pressure.

Finally, in their work, Kholiya et al. [72] conclude that Tait, Vinet, and Birch-
Murnaghan EOSs give the results compatible with the experimental findings but Tait
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Figure 4.8: (a) Compression behavior V/V;, (b) bulk modulus By, and (c) first order pressure derivative
of bulk modulus B{ at ultrahigh pressure using different EoSs. Taken from [72].
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and Vinet EOSs fail to satisfy the basic criteria of an equation of state.

In general, for most applications of the equations of state there is little justification
for choosing one EoS over another strictly on the basis of fundamentals. The choice is

made on basis of convenience and tradition [70].
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5 Diamond and Post-Diamond Carbon
Phases

In this section we perform density functional perturbation theory for diamond and
post-diamond phases up to 3.50 TPa. Our goal is to reproduce the reported phase
boundaries and to estimate the melting line varying the temperature up to 10000K and

using corrections beyond the harmonic approximation.

5.1 Introduction

Given its importance to the sustainability of life on our planet, carbon is one of the
most extensively studied materials. It has an extraordinary flexibility thanks to its
oxidation range that goes from —4 to +4 allowing it to bond to itself and more than 80
elements. The two well-known stable phases of solid carbon are graphite and diamond,
where the first is the most stable form at ambient conditions and the latter is stable
at higher pressures, up to roughly 1 TPa. However, carbon exhibits a rich variety
of solid structures [80, 81] like graphene [82], nanotubes [83], fullerenes [84], and the

controversial carbynes [85, [86].

In the context of planetary sciences, it is expected that in the interior of super-Earths
diamond transforms into other solid phases. This hypothesis has motivated theoretical
studies that have proposed several post-diamond phases. The first one is found at
around ~ 0.9 TPa: a body-centered cubic phase composed by eight atoms in the unit
cell (BC8) [87, 88, [89], 90}, O1], which is followed by a simple cubic (SC) phase above ~
2.5 TPa [90, OI]. These phase transformations affect the electric conductivity of carbon
at high pressures. The BCS8 phase maintains the sp? bonding from the diamond phase,
but with some of its bond angles distorted, implying that the BC8 phase exhibit a

reduced band gap, in comparison to diamond, and eventually becoming a weak metal
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within the DFT formalism. Moreover, the six-coordinated SC phase is a metallic one,

in which the covalent bond present in the two previous phases does not exist any longer.

Furthermore, in the multi-terapascal regime more phases have been proposed theo-
retically [90], with the following sequence: simple hexagonal (sh) — face-centered cubic
(fcc) — double hexagonal closed packed (DHCP) — body-centered cubic (bec), with
transition pressures 6.4, 21, 270, and 650 TPa, respectively. These phases have been
included in proposed phase diagrams [92], [89] [90], 9], 93], since there is no experimental
evidence of the stability of the mentioned phases. Knowing the properties of carbon
under extreme conditions of pressure and temperature is essential not only to compre-
hend the models of astrophysical bodies such as solar [94], [95] 06, O7] and extra-solar
[98, Q9] planets with carbon-rich interiors, white dwarf stars [100, 101 102] and their
interiors [103], [104], but also to understand the physics and chemistry of mono-atomic

materials in general.

Given the enormous pressures that are required for the experimental study of the
solid-liquid interface, the estimation of the melting curve from experimental data is
challenging [105] 106]. Nevertheless, due to recent technical developments in dynamic
shock-wave (ramp) compression it might be possible to achieve temperature and pres-
sure conditions in the laboratory that are within the solid portion of selected phase
diagrams [107, 108, 109], implying that reliable data from experiments may soon be
able to study the properties of this element at planetary conditions. As a result, sev-

eral attempts to determine the melting line of carbon at very high pressures have been

/J\* (a) () (c)

Figure 5.1: Studied high-pressure carbon phases: (a) Diamond at 0.5 TPa, (b) BC8 at 2.0 TPa, and
(c) SC at 3.0 TPa.
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made theoretically trying to include small anharmonic contributions [87], 02} 89, 9], 03].
However, the results are susceptible to the selected methodology for computing the free
energy. Therefore, there is not a consensus on the theoretical work existing so far,
that should be refined using more sophisticated, accurate methods until experimental

information becomes available.

5.2 Computational Details

Carbon was examined in the pressure range from 0.25 to 3.50 TPa, which includes
diamond, BC8, and SC. We performed variable-cell optimization calculation at steps of
0.25 TPa to obtain the structural parameters for all the phases using Density Functional
Theory (DFT) as implemented in the Quantum ESPRESSO [22] 23] suite using pro-
jector augmented waves pseudopotential [21] with six electrons per atom. Generalized
gradient approximation (GGA) of the exchange-correlation functional approximation
of DFT of the Perdew-Burke-Ernzerhof (PBE) [18] form was used. The kinetic energy
cutoff was set to 200 Ry{™2} and k-points grids of 8 x 8 x 8, 4 x 4 x 4, and 32 x 32 x 32,
were used for diamond, BC8, and SC, respectively, for integrating the Brillouin zone
with the Monkhorst-Pack method [24]. These parameters ensure an energy convergence
better than 1 meV/atom.

At T = OK, harmonic dynamical matrices were obtained within Density Functional
Perturbation Theory (DFPT) in the linear response regime [30] with a g-points grid of
2 x 2 x 2 for diamond and BCS, and 6 x 6 x 6 for SC. Finite temperature contributions
to the Helmholtz free energy were computed by means of QHA [39 B8] from 0 to
10000 K. We fitted the Helmholtz free energy and the volume of each phase at different
temperatures to a 3" order Birch-Murnaghan equation of state with a variance (x?) of

order 1079 or better, for all fits. Finally, the Gibbs free energy was calculated as:

G(P,T) = F[V(P,T),T]+ PV(P,T). (5.1)

12Data regarding convergence calculations can be found in the Appendix A
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Figure 5.2: Pressure-volume relation of diamond (blue solid line), BC8 (red solid lines), and SC (solid
green line), obtained from the 3'¢ order Birch-Murnaghan equation of state at room temperature. For
each phase, calculated values from Ref. [90] are displayed in circles.

5.3 Phase transition boundaries

We begin our analysis by comparing the volume obtained from our equation of state with
the data collected by Martinez-Canales et al. [90]. In their work, they used accurate
pseudopotentials with small core radii and with all six electrons included explicitly.
Thus, their proposed equation of state of carbon at high pressure is a good reference
for evaluating our data. In Fig. [5.2] we show the volumes of the different phases as a

function of pressure, indicating a good agreement between both equations of state.

Carbon has been studied widely, and the boundaries between phases have been cal-
culated in several theoretical works, Refs. [87, 092 [89] 011, 93], some of which included
small anharmonic corrections that refined the phase diagram of carbon at extreme con-
ditions of pressure and temperature. We started by performing a comparison between

our calculations from the quasi-harmonic approximation and proposed phase bound-
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aries. The phase boundaries obtained using the finite temperature contribution to the
free energy calculated using QHA are in excellent agreement with those including an-
harmonic effects as seen in Fig. [5.3 These results indicate that the quasi-harmonic
approximation might be sufficient for calculating thermodynamical properties for dia-

mond and post-diamond phases.

5.4 Melting Line for High-Pressure Carbon

In the temperature range used for our thermal calculations, we expect that at the
highest values carbon becomes fluid for all phases. Initially we can estimate the possible
solid-to-liquid transition region based on the Lindemann criteria. For each set of solid-
phase simulations, we computed the ratio of the root-mean-squared displacement of the

atoms to the nearest-neighbor distance. The melting lines assuming different critical
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Figure 5.3: Proposed phase diagram for carbon at extreme conditions of pressure and temperature.
Our calculated phase boundaries (black solid lines) are compared with previous theoretical calculations.
The small anharmoic corrections performed by Schottler et al. [93] are displayed in red dashed lines.
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Figure 5.4: Estimated melting lines for phases of carbon in the terapascal regime for different critical
Lindemann ratios.

Lindemann ratios are displayed in Fig. |5.4

Although the Lindemann ratio of a solid phase is a quantity that for any given
material normally reaches values between 0.10 and 0.15 at melting, in Fig. [5.4] we can
observe that for carbon at this range of critical values the expected melting temperatures
can span several thousand Kelvin. Thus, the right critical value of the Lindemann ratio
for describing the transition to liquid in this chemical element, at high pressures, should
be set close to 0.12. This critical value is supported by a comparison against recent
results by Bendict et al. [91] for the melting line. Moreover, we can corroborate this
by considering that, in the vicinity of melting, the entropy change for carbon’s solid
— liquid transition is estimated between 20 and 30 J - mol / K [92] I10]. Using that
criteria, we were able to find a melting line using a threshold of 20 J - mol / K, as shown
in Fig. [5.5, These results, point to the selection of 0.12 for the Lindemann ratio as a
reasonable critical value to closely estimate melting curves, which, used with caution,

could potentially be useful for post-SC phases of carbon as well.
Although we managed to reproduce the shape for the melting line using two different
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Figure 5.5: Estimated melting line for diamond and post-diamond phases using the difference of
entropy as a criteria.

criteria, it is important to stress that only anharmonic effects could properly describe
the melting line, since in the vicinity of the region of the solid-to-fluid transition non-
harmonic behavior is crucial. However, due to technical challenges, we were unable
to include as part of this report all the calculations that are required to incorporate
anharmonic contributions using the stochastic self-consistent harmonic approximation,

described earlier.

5.5 Conclusions

Using the quasi-harmonic approximation, the proposed solid-to-solid transition bound-
aries between diamond and subsequent phases that involve small non-harmonic correc-
tions can be reproduced. Lindemann ratios in solids provide a reasonable approximation

for finding the presence of melting transitions, at least qualitatively. Melting temper-
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atures obtained with this method can be placed in a sufficiently restricted region of
the P-T phase diagram by tuning the ratio’s critical value that is used as a threshold,
through comparison with alternative methods. Here, a Lindemann ratio around 0.12 is
suggested as the best critical value to determine melting in carbon. Finally, in future
studies, it is important to include non-harmonic effects into the Gibbs free energy in
order to estimate the melting line more precisely, since QHA is not accurate enough for
studying solid phases close to their transition into fluid. However, as shown here, QHA

provides a reasonably good starting point.
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6 Post-( Phases of Solid Oxygen

In this chapter we perform an exhaustive analysis of the electronic and the vibrational
properties of the non-molecular phases of solid oxygen in the 1 to 10 TPa pressure range
and within the quasi-harmonic approximation (QHA). These phases were proposed
theoretically by Sun et al. [I11], but they only reported the enthalpy-pressure relation.
Our goal is to elucidate the impact of the finite temperature effects in the relative

stability of those phases.

6.1 Introduction

Owing to the magnetic character of the Oy molecule, the element oxygen exhibits a
richer phase diagram than other low-Z diatomic molecules such as Hs, Ny, CO or Fs.
Six phases of solid oxygen have been observed experimentally so far: half of them (a,
B, and =) exist under equilibrium vapor pressure, and the other three (4, €, and ()
are obtained in the high-pressure regime. As pressure increases, oxygen shows a wide
range of physical properties that go from insulating [112] to metallic [I13], including
also anti-ferromagnetic [114] [115] [116], [117] and superconducting [118], [119] phases. At
the highest pressure reached for this element in the laboratory, about 130 GPa under
diamond-anvil cell compression, it remains molecular[I19]. In the e-O, phase, which
is stable between 8 and 96 GPa at ambient temperature[I13], the oxygen molecules
associate into clusters composed of four molecules, but they fully retain their molecular

character as confirmed by vibrational spectroscopy and X-ray diffraction[120, 121].

All other group-VI elements develop non-molecular and eventually monoatomic struc-
tures at much lower pressure. Sulfur transforms into a chain-like polymeric phase at
about 15 GPa and eventually becomes monoatomic, with a rhombohedral §-Po struc-
ture at 153 GPa[l22]. Phases with a (-Po structure are also reported for Se at 60
GPa [123], for Te at 11 GPa [124], and for Po at ambient pressure [125]. Moreover,
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Figure 6.1: Phase diagram of solid oxygen. Taken from Ref. [112]

both selenium and tellurium exhibit a body-centered cubic (bec) structure as a post
B-Po phase [123] [126] [127]. For oxygen, however, an earlier theoretical study has shown
that the monoatomic [-Po structure is less stable than molecular phases at multi-
megabar pressures [128]. The reluctance of oxygen to give up its molecular character
has been attributed in a recent study by Sun et al. to the strong electron lone-pair
repulsion in the non-molecular phases. This resembles, we notice, the reluctance of
the electron-richer halogen elements to lose their molecular character. For instance,
Fluorine is molecular up to the highest pressures experimentally achieved so far in this
element [129], while Cly, Bry, and I dissociate around 157, 115, and 43 GPa respectively

[130) 311, [132], 133, 134} [135], 136} 137, [138].

In the same work, Sun et al.[111] show that oxygen remains molecular up to 1.9 TPa
before transforming into a semiconducting square-spiral-like polymeric structure with
symmetry [4;/acd and oxygen in two-fold coordination. This phase is then reported to
transform at 3.0 TPa into a phase with C'mem symmetry, consisting of zigzag chains
that pack atoms more efficiently than the square-spiral chains. Finally, when pressure
reaches 9.3 TPa, the in-plane zigzag chains merge into a layered structure with Frmmm

symmetry and four equidistant nearest neighbors for each oxygen atom[IT1].

Temperature can have profound effects on the stability of molecular phases, both

in their liquid and solid forms. Shock-compression experiments indicate that at about
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Figure 6.2: Enthalpy-pressure for proposed post-¢ phases for solid oxygen. Taken from Ref. [TI11]

100 GPa the oxygen molecule dissociates in the fluid when the temperature exceeds
4000 K [139]; whereas theoretical studies based on ab initio molecular dynamics place
molecular dissociation above 80 GPa at temperatures that exceed 5000 K [140]. Un-
fortunately, nothing is known about the temperature effects on the phase diagram of
solid oxygen at extreme pressures. A crude extrapolation of the oxygen melting line,
based on theoretical and experimental data [141], [142], yields a melting temperature of
about 26000 K at 1.9 TPa. Although this extrapolation is based on data below 100
GPa and is, therefore, to be taken with caution, this provides a hint that solid oxygen
phases could indeed be the stable forms of this element in some planetary interiors.
Hence, the understanding of the effects of temperature on the solid portion of oxygen’s
phase diagram at multi-megabar pressures is not only relevant from a fundamental
perspective, but also for its potential relevance to planetary studies. Moreover, recent
technical developments in dynamic shock-wave (ramp) compression have made it pos-

sible to achieve temperature and pressure conditions in the laboratory that are within
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the solid portion of selected phase diagrams [107, 108, [109], suggesting that experiments

may soon be able to study the properties of this element at planetary conditions.

The ground state calculations performed by Sun et al. [111] show that the tran-
sitions from molecular to polymeric and finally to 4-fold coordinated have dramatic
effects on the vibrational properties of solid oxygen. Finite-temperature contributions
to the free energy should, therefore, differ substantially between different phases and
the phase transitions at high temperature may, as a consequence, differ quantitatively
and qualitatively from the ones calculated at zero temperature. In this work, by per-
forming density functional theory (DFT) together with quasi-harmonic approximation
(QHA) calculations for the determination of vibrational free energies, we extend the
current theoretical knowledge on the ultra-high-pressure region of the phase diagram of
solid oxygen to temperatures up to 8000 K. We find that temperature has a remarkable
effect on the phase diagram of this element indeed, resulting in the disappearance of

two previously reported non-molecular forms at sufficiently high temperature.

6.2 Computational Details

Out of the several crystalline structures considered in the earlier theoretical work by Sun
et al.[I11], we select here the ones that were found to be stable in the range of pressure 1-
10 TPa: a molecular structure with symmetry R3m, and three non-molecular structures
with symmetry 4, /acd, C'mem, and Fmmm, respectively. Enthalpy differences among
the different molecular structures considered in Ref. [IT1] (P63/mmec, C2/m, C2/c, and
R3m) are small compared to enthalpy differences between molecular and non-molecular
structures, so we expect transition pressures between molecular and non-molecular

phases to be to largely independent of the specific molecular structure considered.

The structural properties were calculated using DFT as implemented in Quantum
ESPRESSO [22] 23]. The electron-ion interactions were treated using a projector aug-
mented wave [21] pseudopotential with six valence electrons. The valence electron

wavefunctions are expanded in a plane-wave basis set with a kinetic energy cutoff of
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(b) () (d)

Figure 6.3: Some of the proposed post-¢ phases of solid oxygen: (a) R3m at 1.5 TPa, (b) I4;/acd at
2.0 TPa, (c) Cmem at 3.5 TPa, and (d) Fmmm at 8.0 TPa.

400 RyEL The exchange-correlation functional was approximated by the generalized
gradient approximation (GGA) of the Perdew-Burke-Ernzerhof form [I§]. Brillouin
zone integrations were carried out using k-point grids generated with the Monkhorst—
Pack method [24]. The size of these grids are 18 x 18 x 18, 4 x 4 x 12, 8 x 16 x 16
and 8 x 16 x 16 for the primitive cells of the four phases of oxygen considered in this
study; these choices provided a total-energy-difference convergence of 2 meV per atom
or better. The structural parameters for all the structures were obtained by performing
variable cell optimization at various values of pressure. Note that the energies and elec-
tronic structures of the four structures have been already studied by Sun et al. [111];
they showed that at T' = 0 K, all the phases are metallic at the terapascal regime,
except for I4y/acd which is a wide-gap semiconductor. For the metallic phases, the
calculations were done using the Fermi-Dirac smearing technique with a width of 43

meV, in order to take into account the electronic entropy at 500 K. This width was

13Data regarding convergence calculations are in the Appendix B
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kept fixed while calculating the vibrational properties at all temperatures, as justified

by the lack of sensitivity of our free energy results with respect to this parameter.

The vibrational properties at 7' = 0 K were calculated using density functional
perturbation theory (DFPT) in the linear response regime [30]. The g-point grids used
to obtain the dynamical matrices were as follows: 4 x 4 x 4 for R3m, 2 x 2 x 6 for
I41/acd, 2 x 4 x 4 for Cmem, and 2 x 4 x 4 for Fmmm.

Finite-temperature contributions to the Helmholtz free energy were obtained using
the QHA [39, 38]. As we are interested in determining the pressure-temperature (P—
T) phase diagram, we have calculated the Gibbs free energy as set in equation .
The value of the P is obtained by fitting Eq. to a 3'¢ order Birch-Murnaghan
equation of state for each of the phases at different temperatures and their corresponding
parameters are specified in the Appendix B. All fits had a variance (x?) of order 107°

or better.

6.3 Proposed Phase Diagram for Ultra-High Pres-
sure Phases of Solid Oxygen

We begin our analysis by considering the case 7' = 0 K, with and without the zero-
point energy contributions. In the low-pressure region of this study we find that the
contribution of the ZPE is marginal, moving the transition pressures 0.08 TPa and
0.02 TPa higher than those reported without ZPE when going from R3m to I4/acd
and from 14, /acd to Cmem respectively (see Fig. In the high-pressure region, our
enthalpy-pressure relations show that the transition from C'mem to Fmmm at 0 K is
located near 8.6 TPa if ZPE is not included; this is 0.7 TPa lower than the transition
pressure found by Sun et al. with the same approximations [I11]. Our equations of state
were fitted on a broader set of volumes than Sun et al., usually fifteen or more volumes
per structure. We believe that this could be one of the reasons for the discrepancy.
Moreover, when the ZPE contribution is included, it has a noticeable effect, shifting

the transition pressure from 8.6 TPa to 7.5 TPa.
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Figure 6.4: Enthalpy-pressure relations without (solid lines) and with (dashed) with ZPE for post-¢
phases of solid oxygen in (a) the low-pressure region which includes R3m (reference, black), I4, /acd
(red), and Cmem (blue), and in (b) the high-pressure region where Cmem (reference, black) and
Fmmm (red) are represented. Transition-pressure reported by Sun et al. are in green dots.

We now consider the effects of finite temperature on the Gibbs free energies and
transition pressures. Our calculations are based on the QHA and may suffer from the
incomplete consideration of anharmonicities, in particular when the system approaches
the melting temperature, therefore, our analysis is restricted here to temperatures below
8000 K.

The finite temperature contribution to the free energy has dramatic consequences
on the relative stability of the crystalline phases (Fig. For instance, the pressure
location for the R3m to I4;/acd phase boundary is shifted towards higher pressures
by approximately 1 TPa when the temperature is raised from 0 to 5000 K, indicating
that the molecular R3m phase enlarges its region of stability with respect to the poly-
meric 14, /acd, as temperature increases. However, the finite temperature contribution
hardly changes the transition boundary between the phases I4;/acd and Cmcm, as
we observed an increment of just 0.05 TPa at 5000 K with respect to the transition
pressure calculated at 0 K. We observe that the region that encompassed the I4;/acd
phase narrows down as temperature increases until, at 2.9 TPa and 5200 K, there is a
triple point above which this phase disappears completely. Thus, the picture of 14 /acd
as an insulating solid phase lying between two metallic ones (R3m and C'mcm) is only
valid at relatively low temperatures. Unlike the previous two cases, the shift seen in the
case of the C'mem-to-Fmmm transition is towards lower pressures and is much more

pronounced, leading to a second triple point at 3.2 TPa and 7800 K, where the R3m,

68



Chapter 6 Post-¢ Phases of Solid Oxygen

@ Our results: without ZPE
@ Sun e; al.: without ZPE

Fmmm

Te

' ' k U R F — 98—
1 2 3 4 5 6 7 8 9 10
Pressure (TPa)

Figure 6.5: Proposed finite temperature phase diagram for solid oxygen at extreme conditions of
pressure and temperature. The transition pressures Pr, at zero temperature without taking into
account the zero-point energy (ZPE), reported by Sun et al. [I11] and calculated in the present study,
are marked as orange and green circles, respectively. The phase boundaries at finite temperature,
corresponding to calculations including ZPE and using an electronic temperature of 500 K, are shown
by solid black lines.

Cmem, and Frmmm phases meet. This indicates that above 8000 K Oxygen transforms

directly from a molecular to a four-fold coordinated form.

So far our analysis has been restricted to a single molecular structure (R3m) as a
representative of the stable solid molecular oxygen form before polymerization. In order
to test the validity of our assumption that R3m can be considered as representative of
the stable molecular structure, we repeated the calculations with a different molecular
structure, of symmetry C2/m. This structure was found to possess the second lowest
enthalpy after R3m, among the structures considered by Sun et al. [I11]. We find that
the transition line between C'2/m and the other structures is indistinguishable from the
transition line of R3m (see Fig. suggesting that not only enthalpy, but also entropy

is very similar among different molecular forms.

As already mentioned, an extrapolation of the measured melting line of Oxygen to

TPa pressures yields a melting temperature exceeding 25000 K at 2 TPa. An indepen-
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Figure 6.6: Proposed phase diagram for solid oxygen at extreme conditions of pressure and tempera-

ture. The phase boundaries between molecular phases R3m and C2/m and the non-molecular phases
14y /acd and C'mem, are shown in black solid line and red dashed line, respectively.
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Figure 6.7: Lindemann ratio of the molecular phase R3m as a function of temperature at different
pressures. The dashed line indicates the value in which the system is expected to become liquid.
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dent estimate of the melting temperature can be obtained by calculating the Lindemann
ratio of the solid phases, a quantity that normally reaches values between 0.1 and 0.15
at melting. We calculated the Lindemann ratio for the R3m molecular structure and
for the F'rmmm structure within the QHA approximation. In the case of the molecular
structure we assumed that melting takes place between a molecular solid and a molecu-
lar liquid and evaluated the Lindemann ratio based on the mean-square displacement of
the center of mass of the molecules. We found that calculated values of Ly are always
below 0.095, for both phases, in the temperature range from 0 K to 8000 K, as seen in
Fig. Our calculations therefore rule out the presence of a liquid in the pressure

and temperature region considered in this work.

We were also able to confirm that strongly localized lone pairs persist into the poly-
meric phases with an OX,Es bent shape, as already noted by Sun et al. [111]. This,
together with an electron counting argument, can explain the reluctance of oxygen to
take higher coordinated structures. The formation in 74, /acd of one additional covalent
bond and the lone pair repulsion between chains, contribute to making it stiffer and less
flexible than the molecular R3m phase. At temperatures below 4000 K the contribution
to the entropy of the high frequency vibron in Figl6.8h is limited by quantum effects.
The remaining modes show a frequency increase across the transition, which implies
a decrease of the vibrational entropy. This is consistent with the positive slope of the
transition line at finite temperature (see Fig. Similarly, the 74;/acd and C'mem
phases are characterized by having two covalent bonds per oxygen and very similar

lone pair repulsion between chains. Therefore, one does not expect important changes
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Figure 6.8: Phonon dispersions of oxygen in (a) R3m with the vibron mode in dashed line and (b)
I4, /acd phases at 2.0 TPa.
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in terms of bonding and stiffness, which justifies why we observe an almost vertical

transition line between these two polymeric forms in the P-T phase diagram (Fig. |6.5]).

6.4 The Cmcm-to-Fmmm phase transition

As pressure increases above 4 TPa and keeps approaching the vicinity of the C'mem —
Fmmm transition, the bent shape of the lone pairs in C'mem starts to allow for a non-
symmetrical four-fold coordination, which brings the formation of two additional weak
covalent bonds per each oxygen prior to the final transition towards the fully symmetric
Fmmm configuration; this is shown in Fig[6.9)(a) by the charge density profiles. This
process causes a gradual merging of the so-called zigzag chains into a layered structure.
For instance, at T'= 0 K and 7.0 TPa, the four shortest links for each oxygen consist of
two sets of bonds with lengths 1.04 A and 1.18 A, respectively. Instead, when Cmcem
transforms into F'mmm above 7.5 TPa not only the coordination of the oxygen atoms
becomes symmetrical, with an equal length of 1.10 A, but also we can see now that
the lone pairs adopt the OX4E, square planar shape, as a consequence of the higher
symmetry of this phase as Fig. [6.9(b) shows.
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Figure 6.9: Electronic charge densities along the [100] direction and electron lone pairs of (a) Cmem
and (b) Fmmm at 7.5 TPa. The color scales indicate the values of the charge density in e/Bohr3. On
the left panel, the isosurface of red and orange regions are electron poor; while blue and violet regions
are electron rich. Additionally, isosurface contours are shown by solid black lines. On the right panel,
the lone pairs are represented by transparent gray colors; the corresponding isosurface value is +1.25
e/Bohr3. The oxygen atoms are represented by red spheres and the Cmem zigzag chains are shown
in red and pink.
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Figure 6.10: Pressure dependence of (a) bond lengths for Cmem (B; and Bs, red and pink solid lines,
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respectively) of Cmem and Fmmm, and (c) the layer separation d (red solid line) for Cmem and
Fmmm are shown. The vertical black dashed line corresponds to the calculated transition pressure
between these two phases. The average of By and By are also shown by a dotted blue line in (a).

From a space-group point of view, Cmem is a subgroup of Fmmm so that the tran-
sition can be classified in principle as a second-order phase transition. Coupling of the
strain with the internal degrees of freedom, however, introduces a slight discontinuity in
the structural parameters (see Fig. [6.10), similarly to the case of the stishovite(rutile)
to the CaCly-type phase transition in SiOy [143]. Further evidence for the quasi-second-

order nature of the transition comes from the phonon dispersions of the two phases.

3000— 1000
2000 _TSU
- 500 i
2 4000 T T T T T Fery
£ 1000 — i i = (F!
zj E H ra
] 0 0 =
g 2 3000
3 . - T
21000 20e g
g -500 z AP
. - 1 5 2000 - b
2000 - : N
_}(]0 1 1 1 L 1 1 1 | 1 1 l- W ] (M)U g‘-‘ = .
N 03.5 40455055606570758085 " 12 i
Pressure (TPa) 1000 - 5
Figure 6.11: Evolution of a Fmmm phonon i
mode at the zone boundary as a function of 057 T R A—

pressure. The normal mode is along the [100]
direction, and its frequencies (w) are plotted
in red. A linear relation between the squared
phonon frequencies (w?) and pressure (blue) is
observed and indicates that the phonon soft-
ening occurs near 4.7 TPa. The normal mode
is represented as blue arrows on the atoms of
the Fmmm structure.

Figure 6.12: Phonon dispersions of oxygen in
(a) Cmem (in cyan) and (b) Fmmm (in or-
ange) phases at 8.0 TPa. Note that the super-
cell size has been used in both the cases.
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Figure 6.13: Electronic DOS of oxygen in (a) Cmem (in red) and (b) Fmmm (in blue) phases as a
function of pressure.

In Fig. |6.11] we show the pressure-dependence of the frequency of the phonon mode at
the Brillouin Zone vector of the F'mmm phase corresponding to the reciprocal lattice
vector of the C'mem phase. The mode becomes unstable when pressure is decreased
below 4.7 TPa, indicating a lattice instability of the Fmmm phase towards C'mem, as
also confirmed by the pattern of the unstable mode, shown in the inset of Fig. |6.11]
A characteristic feature of second-order phase transitions is the higher entropy of the
high-symmetry phase with respect to the low-symmetry phase. This is consistent with
the pronounced left-turning of the C'mem to F'rmmm phase transition line at finite tem-
peratures in Fig. [6.5, and it is confirmed by the phonon dispersions of the two phases
calculated at the transition pressure of 8.0 TPa (Fig. . Contrary to the naive
expectation that frequencies become stiffer in the high-pressure (Fmmm) phase with
respect to the low-pressure (Cmem) phase, the phonon dispersion of the C'mem phase
has modes that are marginally higher in energy than those of the Fmmm phase. This
is consistent with the lower entropy of the C'mem phase with respect to the Fmmm

phase.

To gain further insight into the driving force of the quasi-second-order transition, we
show in Fig. the electronic density of states (DOS) of the two phases in the vicinity
of the pressure where F'mmm becomes unstable. Interestingly, the DOS of the Frmmm
phase shows a pronounced peak that crosses the Fermi level between 4.5 and 5.0 TPa,
the same pressure of the phonon instability reported in Fig. The distortion leading

to the C'mem structure causes a lowering of the DOS at the Fermi level. We, there-
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fore, argue that the C'mem to Fmmm transition is driven by an electronic instability
qualitatively similar to a commensurate charge-density-wave transition. A similar phe-
nomenology has been observed in other chalcogen elements, where it has been shown
to be connected with the emergence of a superconducting state in the undistorted state

(F'mmm in this case) close to the transition pressure to the distorted phase [122].

6.5 Conclusions

Our theoretically predicted phase diagram of Oxygen at extreme pressures and tem-
peratures extends earlier calculation at high pressure and zero temperature and shows
that temperature has a profound effect on the phase diagram. At finite temperatures,
the molecular phase expands its stability range to pressures exceeding 3 TPa at the
highest temperatures considered in this work (8000 K). On the contrary, the range of
stability of the first non-molecular phase, 4, /acd, shrinks with temperature and the
phase is no longer thermodynamically stable above 5000 K. Interesting physics under-
lies the transition between the C'mem and the Fmmm non-molecular phases. Our
calculations indicate a quasi-second-order transition between the two phases and show
that the transition is driven by an electronic instability causing a softening of the corre-
sponding phonon mode. We argue that this may imply a superconducting state which
is beyond the scope of this work but which certainly deserves further attention. The
range of pressures and temperatures examined in this work are now within reach of
ramp-compression experiments which we hope will soon shed additional light on the
intriguing aspects of the pressure-induced demise of molecular oxygen as reported in

this and other recent theoretical studies.
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7 Molecular and Non-Molecular Carbon

Dioxide

In this chapter we show the results of our ab initio analysis of the vibrational properties
of some of the phases of carbon dioxide (COy), including molecular and non-molecular
ones, up to 70 GPa and 2000 K. Our goal is to provide useful information that leads
to diminish the uncertainty in the currently accepted phase diagram, where the phase

boundaries are still a matter of discussion.

7.1 Introduction

Widely studied during the past years, carbon dioxide (CO,) is a fascinating system
that exhibits up to seven solid phases despite its simple molecular form (see Fig. ,
that is, a linear structure made of two covalent bonds between each oxygen and the
carbon atom, with a bond length of 1.16 A under ambient conditions [144]. At room
temperature the CO5 gas transforms into a liquid at 7.5 MPa, and at 0.5 GPa it solidifies
into the face-centered cubic phase I (Pa3) [145], [146]. Remaining at room temperature,
but going above 10 GPa, phase I transforms to the orthorhombic phase III (C'mca),
with a minimal volume change associated to the Pa3 — Cmca transition [147]. A
recent theoretical study has provided insight on the mechanism of the polymorphic
Pa3-to-C'mca transition, showing this transition as a concerted distortion process in
which the CO5 molecules rearrange by distorting the CO,-I lattice anisotropically [14§].
By heating phase III above 16 GPa and ~ 500 K [149, [150], phase II can be obtained.
However, CO,-II can be recovered at ambient temperature suggesting that the CO,
ITI-to-II transition is not only irreversible, but also that CO,-III is a metastable phase
that can only be obtained by compressing the phase I at low temperatures [149, [151].
Initially presented as a pseudo-six-fold phase, it was thought that phase II was an

intermediate state between the molecular and the extended solid form of CO,y [152].
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Figure 7.1: High-pressure COqy phase diagram adapted from Ref. [158]. Yellow, green, blue, red,
and gray areas correspond to the molecular, non-molecular, fluid, dissociated, and amorphous forms
of CO,. Solid lines correspond to thermodynamic phase boundaries, while dashed lines are kinetic
boundaries. The dot-dashed line represents the fluid curve, and the dotted lines indicate the regions
where carbon dioxide decomposed into carbon and oxygen. The selected names in italic stated the
metastable phases.

However, experimental results disproved the existence of an intermediate bonding state
and identified the structure of phase IT as P4y /mnm [153]. When COq-1T is heated in the
500 — 720 K range, depending on the pressure [149] [151], phase II transforms into CO,-
IV. As occurred with phase II, phase IV was designated as intermediate bonding state
[154]. However, it was shown experimentally that CO,-1V is still composed of linear
molecules and its crystalline structure is the rhombohedral R3c [I55]. Interestingly,
an intermediate phase between CO,-1 and CO,-1V was observed by heating CO,-1 and
going up to 20 GPa at 950 K, this was identified as a molecular high-temperature
stable C'mca phase [156]. Given the fact that this phase (COo-VII) and CO,-III have
the same space group, it was thought that these two phases were indeed identical.
However, differences between their Raman spectra suggested that they were different
[156]. Nevertheless, a recent theoretical study based on crystal structure prediction via
evolutionary algorithms has shown that COs-III relaxes into COs-VII. Therefore they
propose that these two phases are in fact the same [157].

The non-molecular CO,-V phase was first synthesized by laser heating CO,-III above
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40 GPa and 1800 K [I59], and its crystalline structure was determined to be a partially
collapsed cristobalite structure, with space group 742d [160} [161]. Employing an isother-
mal compression of COo-1I at temperatures between 530 and 650 K, and going above
50 GPa, another non-molecular form of carbon dioxide (CO2-VI) was synthesized [154]
and it is interpreted as a layered tetrahedral phase [162]. In addition to the molecu-
lar and polymeric phases, an amorphous form of carbon dioxide (a-CO;) was observed
after compressing CO,-IIT in the pressure range 40 — 48 GPa at room temperature
[T51]. Moreover, at pressures between 30 and 80 GPa, and temperatures above 1700 K,
CO»-V dissociates into elemental carbon (diamond) and oxygen (e-O2) [163], [164]. The
currently accepted phase diagram that includes all the mentioned forms of solid CO,

along with the region where it becomes into a fluid is shown in Fig. [7.1]

Thus, theoretical and experimental studies have proven that CO, owns a very com-
plex phase diagram made of molecular, non-molecular, and amorphous forms, as shown
in Fig. [7.1 Nevertheless, the phase boundaries are still a matter of discussion given
the presence of several kinetic boundaries, that may differ to each other depending on
the P —T path followed. Particular attention has been directed towards the molecular-
to-non-molecular boundary, where in the past decade the proposed kinetic barriers
have been essentially different. Santoro et al. [165] transformed CO,-II and COq-II1
into CO,-V and using Raman spectroscopy proposed a phase diagram where the CO,
transformation to a non-molecular form started around 21 GPa at T" = 0K at room
temperature, and the boundary between the molecular and the non-molecular struc-
tures exhibits a positive slope. Nonetheless, a later study by Santoro and Gorelli [160]
proposed a new kinetic border with negative slope from infrared spectroscopy mea-
surements based on the formation of amorphous carbonia from the molecular COs.
Therefore, given the difficulty to experimentally determine the thermodynamic phase
boundary between the molecular and non-molecular forms, due to the large metasta-
bility exhibited by COs in the high-pressure regime, in the present work we present
a theoretical phase boundary between the molecular phases II, III, and IV, and the

non-molecular phase V.
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(d)

Figure 7.2: Studied phases of carbon dioxide: (a) COq-II (P4y/mnm), (b) CO2-IIT (Cmcm), (c)
CO2-1IV (R3c) at 18 GPa, and (d) CO2-V (I42d) at 26 GPa. Carbon atoms are represented as yellow
spheres, while oxygen atoms corresponds to the red ones.
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7.2 Computational Details

Ab initio electronic structure calculations were carried out using density functional
theory (DFT) and the projector augmented wave (PAW) method, as implemented in
the Quantum ESPRESSO suite [22] 23] with a kinetic energy cutoff of 200 Ry for the
plane-wave basis setlﬂ Generalized gradient approximation (GGA) for the exchange-
correlation energy was implemented using the Perdew-Burke-Ernzerhof functional [18§].
The Monkhorst-Pack method [24] was used to generate the k-points grids for sampling
the Brillouin zone. Selected grids for the primitive cells of the phases P4,/mnm,
Cmea, R3c, and 142d, namely CO,-II, CO,-III, CO5-1V, and CO,-V, respectively were
chosen to ensure an energy convergence better than 1 meV per formula unit (f.u.) of
CO,. Variable-cell optimization calculations were performed to obtain the structural

parameters for all phases within a range from 10 to 70 (GPa) at steps of 4 GPa.

Density functional perturbation theory (DFPT) within the linear response scheme
[30] was used to calculate the vibrational properties of the three different COq phases at
zero temperature. By means of the quasi-harmonic approximation (QHA) [39, 38| the
finite-temperature contributions to the Helmholtz free energy were computed. For the
construction of the pressure-temperature (P-T) phase diagram, we first obtained for
each phase the value of P, and subsequently V', by fitting the Helmholtz free energy at
different temperatures to a 3" order Birch-Murnaghan equation of state. The variance
(x?) of all fits were of order 107° or better. Finally, the Gibbs free energy was calculated

as set in equation [5.1]

7.3 Phase Boundaries and Phase Diagram of solid

CO;

We start making a comparison of the volumes reported from predicted and experi-
mental structures for phases COq-1I, CO,-III, CO5-1V, and CO,-V, with our relaxed

Data regarding convergence calculations are in the Appendix C
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Figure 7.3: Pressure-volume relation of phases (a) II, (b) III, (¢) IV, and (d) V of COs obtained from
the 3'4 order Birch-Murnaghan equation of state at room temperature are shown in black solid lines.
For each case, reported values from experimental (red circles) and theoretical (blue squares, purple
diamonds and yellow crosses) studies for the different phases are displayed as well.

structures. The variation of volume as a function of the pressure of the molecular and
non-molecular phases at room temperature was computed using the 3' order Birch-
Murnaghan equation of state is reported in Fig. [7.3 Calculated unit cell volumes are

in excellent agreement with values reported in theoretical and experimental studies.

7.3.1 Molecular to non-molecular phase transitions

Finite temperature contributions to the Gibbs free energy were calculated based on
QHA. The phase boundaries between each of the molecular phases of CO5 phases II,
IIT and IV, and the non-molecular phase V, are shown in Fig. [7.4, The phase transition
between the molecular phases and phase V, were in the range between 20 and 35 GPa,
and 0 to 1600K. Around 25.5 GPa and for temperatures below ~ 600K, the COs-I1
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Figure 7.4: Phase boundaries between molecular phases COs-II (blue), CO2-III (red), and CO5-IV
(green), and the non-molecular phase CO2-V. Proposed boundaries in previous works are also included:
Ref. [165] (violet dashed line) and Ref. [I66] (indigo circles).

(blue solid line in Fig. [7.4]) is the most stable phase given, while CO5-IV becomes more
stable at higher temperatures (green solid line in Fig. . This is in agreement with
the reported thermodynamic phase boundary between phase III and IV (black solid
line in Fig. , however, our calculations suggest that CO.-III is a metastable phase
at all temperatures (red solid line in Fig. in the solid portion of the phase diagram

where the transition from molecular phases to the non-molecular CO,-V was studied.

In a first attempt to determine the boundary between the molecular and the non-
molecular phases, Santoro et al. [165] proposed the beginning of the phase V around
21 GPa at room temperature as a middle point in the region between 12 and 30, where
CO,-V is expected to be metastable when is decompressed into CO,-1 (violet dashed
line in Fig. . It is important to emphasize that phase V was not yet established
in 2004, when this work was published, therefore the transition pressure that they
proposed at room temperature around 21 GPa did not have any other justification
than an educated guess. Before the crystalline structure of CO5-V was unequivocally
determined, theoretical studies suggested that above ~ 20 GPa this phase becomes

stable [167, 168]. These theoretical works predicted transition pressures from CO,-
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IT and CO,-IIT to the non-molecular forms based on enthalpy relations in the range
between 18 and 21 GPa [167, 168, [169]. Our data suggests 21.5 and 20.8 GPa for the
transition into CO9-V from CO,-IT and COq-II1I, respectively, which are in agreement
with previous theoretical works. Nonetheless, in a latter work, Santoro and Gorelli
[166] dramatically redefined the previous kinetic border based on infrared spectroscopy
measurements (indigo dots in Fig. , leading to a new boundary with negative
slope. They suggested that the non-molecular forms of CO, are expected to be after
the kinetic boundary and the phase boundary between molecular and non-molecular
forms should not intersect the non-molecular P-T region delimited by the kinetic line.
The proposed boundary not only does not intersect the non-molecular region, but it
also respects the region assigned to the non-molecular, crystalline phase V. However,
phase V is denser than the molecular phases and also lower in entropy, then, according
to the Claperyon equation: dP/dT = AS/AV | where AS and AV are the variation of
entropy and volume, respectively between two phases that coexist at thermodynamic
equilibrium, it is expected that the slope of the phase boundary is positive, as shown
in table Additionally, our calculations shows a triple point between phases IV and
V, and the liquid phase at 35 GPa and 1600 K.

Table 7.1: Thermodynamic properties of carbon dioxide from the molecular phases P4s/mnm (COa-
1) and R3c (CO2-IV) to the non-molecular phase 742d (CO2-V). ASco,—v and ASco,—v are the
volume and the entropy difference, respectively, between the molecular phase and phase V. Subscript
T states for transition.

Pr Tr V. AVeo.v S ASco,v dTjdP

GPa K a.u.3 /atom J-mol/K K/GPa

g 21.95 200 4.0610 0.9538 -5.7145 -5.6997 0.0159
g 2257 300 4.0513 0.9508 -7.0807 -7.0598 0.0243
S 23.50 400 4.0296 0.9394 -10.7455  -10.7160 0.0334
E‘f‘m 24.41 500 4.0094 0.9284 -15.3715  -15.3345 0.0389
25.33 600  3.9896 0.9172 -20.3605  -20.3167 0.0427
25.06 600  3.3852 0.3090 -20.3900  -20.3462 0.1265

o 2539 800 3.3714 0.2999 -20.7385  -20.6944 0.1302
‘g 26.45 1000 3.3520 0.2941 -21.2663  -21.2211 0.1355

31.27 1200 3.3436 0.2922 -22.0603  -22.0127 0.1460
33.10 1400 3.3285 0.2904 -22.5765  -22.5265 0.1572
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Figure 7.5: Enthalpy-pressure relations without (solid lines) and with (dashed) ZPE for studied
phases of carbon dioxide: P42/mnm (reference, black), Cmcm (red), R3c (green), and Cmcm (blue).
Transition-pressure reported by Santoro et al. [I65], Oganov et al. [I67], Gohr et al. [I68], and Yong
et al. [169], are in orange, brown, violet, and cyan dots, respectively.

7.3.2 Boundaries between molecular phases

In the region below 35 GPa and up to 1600K, the molecular phases I, II, III, and IV,
co-exist. In the present section we focused in the pressure range from 15 to 35 GPa.
According to the enthalpy-pressure relations shown in Fig. [7.5] with and without the
zero-point energy contribution, at T = 0 K, CO,-II is the most stable phase until the
transition to CO,-V. This indicates that the orthorhombic phase Cmca obtained after
the compression of phase I is metastable, as it was already reported [149, I70]. The
kinetic barrier between COo-II and COs-III is overcome when the system is heated,
where phase III becomes thermodynamically stable at finite temperature (blue solid
line in Fig. [7.6)).

After the inclusion of phase IV to delimit its stability region, CO,-IT's is reduced

in temperature. The calculated phase boundary between phases II and IV (green solid
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Figure 7.6: Phase boundaries between (a) CO2-II and CO2-III (blue), (b) CO2-II and CO5-IV (green),
and (c) COo-IIT and CO4-1V (red). Suggested boundaries reported by Iota et al. [149] (experimental)
and Bonev [I70] (theoretical), are shown in magenta and orange dot-dashed lines, respectively.

line in Fig. is in agreement with its known thermodynamic transition line [I55].
Additionally, the region of stability of phase III narrows down to a much smaller one
limited up to 18 GPa (blue solid line in Fig. [7.6). Our findings are in agreement with
previous studies that suggested C'mcem phase as a temperature stabilized phase [170].
However, the work of Bonev et al. does not include CO»-1V since its structure was still
a matter of debate at the time of their publication, therefore their results propose a
wide region for CO,-III. Interestingly, the refined region for CO.-III obtained in our
calculations is actually in the P-T vicinity of the so-called phase VII. There has been
controversy around weather phases III and VII are or not likely identical. A recent
theoretical work has shown that they are in fact the same, but our data shows that the

phase III is limited only to the region where phase VII was observed.
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Figure 7.7: Proposed finite temperature phase diagram for carbon dioxide at high pressure. The phase
boundaries at finite temperature, corresponding to calculations including ZPE and using an electronic
temperature of 500 K, are shown by solid black lines, while previously reported thermodynamic bound-
aries are set in gray. Yellow, green, blue and red areas correspond to the molecular, non-molecular,
fluid, and dissociated forms of COs.

7.4 Conclusions

In summary, we have presented theoretical calculations that redefined the transition
boundary from molecular to non-molecular phases of carbon dioxide. The proposed
line now has a positive slope starting at 21.5 GPa at T = 0, reaching a triple point
between phase IV, V| and the liquid phase at 35 GPa and 1600 K, indicating that
non-molecular phases have a wider region of stability. Moreover, it was shown that
phase II is the most stable molecular phase at low temperatures, instead of phase III.
Additionally, we were able to confirm the thermodynamic boundary line between CO,-
IT and CO4-1V. Interestingly, since our results show that CO-III is stabilized at high
temperature, its stability region was narrowed down to the P — T vicinity were phase
VII was reported, implying not only that phase III and phase VII are indeed the same,
but that the portion of the phase diagram corresponding to phase III is in fact beloging
to COq-11. Tt is necessary to study theoretically other metastable phases that were not

taken into account in this study, namely CO,-VI and the amorphous phase, to evaluate
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their impact in the phase diagram.
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Closing remarks

The primary goal of this thesis report was to provide an accurate description from the
theoretical point of view of carbon, oxygen, and one of their mixtures, namely carbon
dioxide. In all cases, we focused on the high-pressure region of their phase diagram,
where there are open questions and controversy around them. With this in mind, we
have presented a vibrational analysis of several phases for each system. Our calculations
were performed within the density functional theory framework, and the inclusion of
the thermal contribution to the Gibbs free energy was done using the quasi-harmonic

approximation.

Since we have already concluded at the end of every chapter that dealt with a
different system, here we will give some remarks about some relevant findings that
emerged under pressure. In ” Persistence and Fventual Demise of Oxygen Molecules
at Terapascal Pressures”, Sun et al. performed computational searches for structures
of solid oxygen under high pressure in the multi-TPa region. They found how oxygen
remained molecular almost up to 2 TPa, and as long as pressure increases, its electronic
properties exhibit a complex evolution, swapping between insulation, semiconducting,
and metallic. It is above 9 TPa when oxygen finally forms a four-fold coordinated phase
of space group Fmmm. Nevertheless, that work stated that temperature might have
a significant effect on the transition from molecular to polymeric oxygen phases, and
that was our starting point for the work on oxygen. Our finite temperature calculations,
based on the quasi-harmonic approximation, and therefore also on phonon frequencies,
gave us the first behavior that drew our attention: phonon frequencies are expected
to increase with pressure. This is due to when the interatomic distances are reduced,
the forces on the atoms get stronger. However, in the case of phase FF'mmm of solid
oxygen, this was not the case: its phonon softening reduces when pressure is applied,
which has a profound effect on the phase boundary between Cmem and Fmmm, where
a negative slope is exhibited. Moreover, at finite temperatures, the molecular phase
expands its stability range to pressures exceeding 3 TPa at the highest temperatures
considered in this work (8000 K). On the contrary, the range of stability of the first

non-molecular phase, I4;/acd, shrinks with temperature and the phase is no longer
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thermodynamically stable above 5000 K, and the same behavior is observed for C'mem
above 7800 K.

On the other hand, the work on carbon dioxide has been strongly influenced by
two experimental papers that span the P — T where should lies the boundary between
the molecular and the non-molecular phases of CO,. Santoro et al., in the work ”In
situ high P — T Raman spectroscopy and laser heating of carbon diozide”, proposed
a phase diagram where the boundary between molecular and non-molecular phases at
room temperature is located at 20 GPa, roughly half-way between the lowest pres-
sure of quenching and the pressure of synthesis for phase V. Later, in "Constraints on
the phase diagram of nonmolecular C'Oy imposed by infrared spectroscopy”, Santoro and
Gorelli stated that the kinetic boundary between COs-IIT and the a-CO5 non-molecular
structure, i.e., the P — T region where the transformation occurs upon compression,
has a negative slope, while basic thermodynamic considerations suggest that the slope
of the true phase boundary should be positive. These two works set a pressure range of
approximately 30 GPa in which the molecular /non-molecular boundary at zero temper-
ature should be located. Via ab-initio techniques, we were able to provide theoretical
insight into the long-term discussion around the boundary between molecular and non-
molecular phases of carbon dioxide. Our results suggest that the boundary between the
molecular phases and the non-molecular phase V has a positive slope. Moreover, we
found a triple point between phase IV, V, and the liquid phase at 35 GPa and 1600 K,
indicating that CO2-V has a broader region of stability than previously reported. Also,
it was shown that phase II is the most stable molecular phase at low temperatures,
extending its region of stability to every P — T' condition where phase III has been
reported experimentally. Nevertheless, our results also show that CO,-III is instead
stabilized at high temperature and its stability region coincides with the P — T condi-
tions where phase VII has been reported experimentally, implying that phase III and

phase VII are indeed the same.

On the technical side, we were able to reproduce the phase boundaries transition
between phases of carbon can be reproduced with a minimum amount of computational
cost by using the quasi-harmonic approximation. Although QHA is enough to replicate
these transitions that include small anharmonic corrections, for the study of the melting
line the quasi-harmonic approximation is not accurate enough, and it is necessary to

add the anharmonic correction to the free energy in order to estimate the solid-to-fluid
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transition accurately.
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Simple Cubic
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Figure A.3: Electronic energy convergence as a function of (a) Kinetic energy cutoff and (b) k-points
grid for SC at 3.50 TPa
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Figure A.4: Phonon dispersion for Diamond at 1.25 TPa with g-points grid of 2 x 2 x 2 (blue solid
line), 4 x 4 x 4 (red solid line), and 6 x 6 x 6 (green dots).
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Figure A.5: Phonon dispersion for BC8 at 3.00 TPa with g-points grid at Gamma point (blue solid
line), 2 x 2 x 2 (red solid line), and 4 x 4 x 4 (green dots).
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Carbon

A.1.3 Zero-point energy

Table A.1: Zero-point energy convergence for (a) Diamond at 1.25 TPa, (b) BC8 at 3.00 TPa, and (c)
SC at 3.00 TPa. All the energy values of Fy(q) are in Ry.

g-points grid | Fy(q) g-points grid | Fp(q) g-points grid | Fp(q)
2X2x2 0.19866 r 0.46470 4x4x4 0.02622
4x4x4 0.19960 2x2x6 0.46914 6 x6x6 0.02512
6xX6x6 0.19976 4x4x4 0.46942 8X8x8 0.02513
(a) Diamond (b) BC8 (c) SC

A.2 Structural parameters

Diamond

Table A.2: Lattice parameters and atomic positions of Diamond. Symmetry group: 227. Wyckoff

letter: a.
P Lattice parameters
(TPa) (a.u.; °)
0.25 a=b=c=06.06111 a = f =~ = 90.0000
0.50 a=b=c=5.74014 a = f =~ = 90.0000
0.75 a=Db=c=>552638 a = =~ =90.0000
1.00 a=Db=c=5.36583 a = =~ =90.0000
1.25 a=Db=c=>5.23734 a = =~ =90.0000
BCS8

Table A.3: Lattice parameters and atomic positions of BC8. Symmetry group: 206. Wyckoff letter: c.

P Lattice parameters Atomic
(TPa) (a.u.; °) coordinates
0.75 a=Db=c=6.88929 a =08 =~=90.0000 | x =0.10219
1.00 a=Db=c=6.69059 a =08 =~=90.0000 | x = 0.10309
1.25 a=Db=c=06.53183 a = =~=90.0000 | x =0.10379
1.50 a=Db=c=06.39974 a = =+~=90.0000 | x =0.10435
1.75 a=Db=c=06.28674 a = =~=90.0000 | x =0.10481
2.00 a=Db=c=6.18815 a =0 =~=90.0000 | x =0.10519
2.25 a=Db=c=6.10070 a =08 =~=90.0000 | x = 0.10552
2.50 a=Db=c=06.02218 a = =~=290.0000 | x =0.10581
2.75 a=Db=c= 595099 a = =~=90.0000 | x =0.10606
3.00 a=Db=c=5.88591 a = =~=90.0000 | x =0.10629
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Carbon

Simple Cubic

Table A.4: Lattice parameters and atomic positions of SC. Symmetry group: 221. Wyckoff letter: a.

P Lattice parameters
(TPa) (a.u.; °)
2.50 a=Db =c = 235816 a = f =~ = 90.0000
2.75 a=Db=c=233055 a = [ =~ = 90.0000
3.00 a=Db=c=2.30531 a = =~ =90.0000
3.25 a=Db=c= 228208 a = =~ =90.0000
3.50 a=Db=c= 226052 a = =~ =90.0000

A.3 EOS parameters

Diamond

Table A.5: 37¢ order Birch-Murnaghan EOS parameters for diamond from 0.25 to 1.00 TPa.

T Vo Bo B Eo T Vo Bo B Eo

0 || 3.31978 6496.630 2.474 -18.411 5500 || 3.29013 8450.370 2.084 -18.549
500 || 3.31720 6629.190 2.444 -18.415 6000 | 3.28728 8677.410 2.043 -18.570
1000 || 3.31937 6515.800 2.470 -18.411 6500 || 3.28447 8908.230 2.002 -18.591
1500 || 3.31428 6794.330 2.409 -18.422 7000 || 3.28167 9143.540 1.960 -18.614
2000 || 3.31121 6978.780 2.370 -18.432 7500 || 3.27894 9382.100 1.919 -18.637
2500 || 3.30810 7173.200 2.330 -18.445 8000 || 3.27624 9624.050 1.877 -18.661
3000 || 3.30503 7374.180 2.290 -18.459 8500 || 3.27355 9871.340 1.836 -18.685
3500 || 3.30197 7580.630 2.249 -18.474 9000 || 3.27094 10119.900 1.794 -18.710
4000 || 3.29896 7791.500 2.208 -18.491 9500 || 3.26834 10373.900 1.752 -18.735
4500 || 3.29598 8007.060 2.167 -18.509 10000 || 3.26576 10632.200 1.710 -18.761
5000 || 3.29302 8227.320 2.126 -18.529

96



Appendix A Carbon

BC8

Table A.6: 3"¢ order Birch-Murnaghan EOS parameters for BC8 from 0.75 to 3.00 TPa.

T Vo Bo B Eo T Vo Bo B, Eo

0 | 322716 7985.040 2.375 -18.336 5500 || 3.26768 7487.740 2.342 -18.492
500 || 3.22756 7978.570 2.374 -18.337 6000 || 3.27174 7448.200 2.338 -18.515
1000 || 3.23045 7928.600 2.373 -18.342 6500 || 3.27577 7410.130 2.334 -18.539
1500 || 3.23441 7868.790 2.371 -18.351 7000 || 3.27979 7373.060 2.330 -18.563
2000 || 3.23858 7812.280 2.368 -18.363 7500 || 3.28377 7337.400 2.325 -18.589
2500 || 3.24278 7759.300 2.365 -18.377 8000 || 3.28773 7302.820 2.321 -18.614
3000 || 3.24699 7709.040 2.361 -18.393 8500 || 3.29167 7269.280 2.317 -18.641
3500 || 3.25118 7661.140 2.358 -18.410 9000 || 3.29558 7236.970 2.312 -18.668
4000 || 3.25534 7615.260 2.354 -18.429 9500 || 3.29947 7205.450 2.308 -18.695
4500 || 3.25948 7571.200 2.350 -18.449 10000 || 3.30333 7175270 2.304 -18.723
5000 || 3.26359 7528.730 2.346 -18.470

Simple Cubic

Table A.7: 3"¢ order Birch-Murnaghan EOS parameters for simple cubic from 2.50 to 3.50 TPa.

T o Bo B}, Eo T Vo Bo B}, Eo

0 || 343918 3870.790 2.529 -18.321 5500 || 5.31068 170.680 2.431 -18.947
500 || 3.45802 3694.410 2.533 -18.329 6000 || 5.31269 174.077 2421 -18.977
1000 || 3.49195 3458.090 2.521 -18.354 6500 | 5.30796 179.242 2.411 -19.008
1500 || 3.60039 2750.320 2511 -18.414 7000 || 5.31219 182.443 2400 -19.041
2000 || 3.79760 1842.670 2.500 -18.506 7500 || 5.31325 186.441 2.390 -19.073
2500 || 3.95756 1362.620 2.490 -18.576 8000 || 5.31215 190.575 2.381 -19.106
3000 || 4.30814 728.691 2.480 -18.683 8500 || 5.31326 195.074 2.370 -19.141
3500 || 5.00453 242563 2.470 -18.810 9000 || 5.31329 199.596 2.360 -19.176
4000 || 5.26226 170.735 2.460 -18.859 9500 || 5.37081 188.868 2.351 -19.216
4500 || 5.29161 167.548 2.451 -18.889 10000 || 5.68703 129.361 2.340 -19.280
5000 || 5.30537 168.122 2.441 -18.918
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B Solid Oxygen

B.1 Convergence calculations

B.1.1 Electronic structure parameters
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Figure B.1: Electronic energy convergence as a function of (a) Kinetic energy cutoff and (b) k-points
grid for R3m at 4.0 TPa
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Figure B.2: Electronic energy convergence as a function of (a) Kinetic energy cutoff and (b) k-points
grid for I44/acd at 4.0 TPa
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Figure B.5: Electronic energy convergence as a function of (a) Kinetic energy cutoff and (b) k-points
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B.1.2 qg-points grid
R3m

3500 /—4\ — q:2x2x2
1 e — q =4x4x4
3000—\ ﬂ ™ . q=6x6x6
25007 /
’.‘E f
S 2000+ e
by
8
g 1500
o
i 1 <>
1000
500+
0 r T Y L r SM F r

Figure B.6: Phonon dispersion for R3m at 4.0 TPa with g-points grid of 2 x 2 x 2 (blue solid line),
4 x 4 x 4 (red solid line), and 6 x 6 x 6 (green dots).
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Figure B.7: Phonon dispersion for 14y /acd at 4.0 TPa with g-points grid of 1 x 1 x 3 (blue solid line),
2 x 2 x 6 (red solid line), and 3 x 3 x 9 (green dots).
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Figure B.8: Phonon dispersion for Cmem at 10.0 TPa with g-points grid of 1 x 2 x 2 (blue solid line),
2 x 4 x 4 (red solid line), and 3 x 6 x 6 (green dots).
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Figure B.9: Phonon dispersion for Cmem at 10.0 TPa with g-points grid of 1 x 2 x 2 (blue solid line),
2 x 4 x 4 (red solid line), and 3 x 6 x 6 (green dots).
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Figure B.10: Phonon dispersion for 14y /acd at 4.0 TPa with g-points grid of 1 x 2 x 2 (blue solid line),
2 x 4 x 4 (red solid line), and 3 x 6 x 6 (green dots).
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Solid Oxygen

B.1.3 Zero-point energy

Table B.1: Zero-point energy convergence for (a) R3m, (b) I41/acd, and (e) C2m at 4.0 TPa, and (c)
Cmem and (d) Fmmm at 10.0 TPa. All the energy values of Fy(q) are in Ry.

g-points grid | Fy(q) g-points grid | Fp(q) g-points grid | Fp(q)
2X2x2 0.04642 1x1x3 0.40546 1x2x2 0.12951
4x4x4 0.04732 2X2x%x6 0.40815 2x4x4 0.13177
6x6x6 0.04746 IX3I X9 0.40843 I X6x6 0.13198
(a) R3m (b) T4y /acd (c) Cmem
g-points grid | Fp(q) g-points grid | Fp(q)

1x2x2 0.12622 1x2x2 0.09481

2x4x4 0.12694 2x4x4 0.96108

3X6x6 0.12698 IX6xX6 0.96282

(d) Fmmm (e) C2/m

B.2 Structural parameters

R3m

Table B.2: Lattice parameters and atomic positions of R3m. Symmetry group: 166 (rhombohedral

axes). Wyckoff letter: c.

P Lattice parameters Atomic
(TPa) (a.u.; °) coordinates
1.0 a=Db=c=>5.08172 a=p=~=236.9128 | x = 0.92796
1.5 a=Db=c=4.87032 a=0§=~=36.7013 | x = 0.92687
2.0 a=Db=c=4.72002 a=0=~=36.5349 | x = 0.92613
2.5 a=Db =c = 4.60462 a=L0=v=36.3724 | x = 0.92546
3.0 a=Db=c=4.51307 a=L0=v=36.1962 | x = 0.92490
3.5 a=Db =c=4.43808 a ==~ =236.0067 | x =0.92433
4.0 a=b=c=4.37151 a=p=~=235.8670 | x =0.92391
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Solid Oxygen

I41/acd

Table B.3: Lattice parameters and atomic positions of I4; /acd. Symmetry group: 142. Wyckoff letter:

f.

P Lattice parameters Atomic
(TPa) (a.u.; °) coordinates
1.0 a=Db=2946471 c/a = 0.39408 a = =~=290.0000 | x=0.13759
1.5 a=b=29.07545 c/a = 0.38978 a =L =~=90.0000 | x =0.13647
2.0 a=Db=2_879188 c/a = 0.38747 a=L0=~=90.0000 | x=0.13573
2.5 a=Db =2_856900 c/a = 0.38603 a =L =~=90.0000 | x=0.13515
3.0 a=Db=2_838513 c¢/a=0.38510 a =0 =~=90.0000 | x=0.13468
3.5 a=D>b=2_822894 c/a = 0.38444 a ==~ =290.0000 | x =0.13427
4.0 a=b=28.09282 c/a = 0.38403 a =L =~=90.0000 | x=0.13390
Cmcm

Table B.4: Lattice parameters and atomic positions of Cmem. Symmetry group: 63. Wyckoff letter:

C.

P Lattice parameters Atomic
(TPa) (a.u.; °) coordinates
1.0 a =5.93751 b/a = 0.65637 c/a = 0.60385 a =0 =~=90.0000 | y =0.18769
1.5 a = b5.65141 b/a = 0.64451 c/a = 0.61934 a = =~=290.0000 | y=0.19291
2.0 a = 544830 b/a = 0.63897 c/a = 0.62859 o= =~=290.0000 | y = 0.19627
2.5 a = 5.29200 b/a =0.63539 c/a = 0.63530 o= =7~=290.0000 | y =0.19915
3.0 a=>5.16426 b/a =0.63410 c/a = 0.63983 a =0 =~=90.0000 | y =0.20105
3.5 a =5.05778 b/a =0.63371 c/a = 0.64279 a =0 =~=90.0000 | y =0.20276
4.0 a = 4.96659 b/a =0.63226 c/a = 0.64612 a =0 =~=290.0000 | y=0.20497
4.5 a = 4.88802 b/a =0.63207 c/a = 0.64752 a =0 =~=290.0000 | y =0.20702
5.0 a=4.81792 b/a=0.63195 c/a = 0.64881 o= =+~=290.0000 | y =0.20882
5.5 a=4.75418 b/a =0.63189 c¢/a = 0.65015 a ==~ =90.0000 | y=0.21074
6.0 a=4.69714 b/a=0.63175 c/a = 0.65109 a =0 =~=90.0000 | y=0.21264
6.5 a =4.64512 b/a =0.63184 c/a =0.65171 a =0 =~=90.0000 | y=0.21427
7.0 a =4.59704 b/a =0.63062 c/a = 0.65342 a =0 =~=290.0000 | y =0.21698
7.5 a = 4.55193 b/a = 0.63073 c/a = 0.65425 a=f=~=90.0000 | y =0.21824
8.0 a =4.51006 b/a =0.62944 c/a = 0.65617 o= =~=290.0000 | y =0.22084
8.5 a=4.47076 b/a=0.62911 c/a=0.65721 a ==~ =90.0000 | y=0.22270
9.0 a = 443705 b/a=0.63164 c/a = 0.65742 a =0 =~=90.0000 | y = 0.22396
9.5 a = 440139 b/a =0.62201 c/a = 0.66433 o= =~=290.0000 | y=0.23131
10.0 || a =4.36998 b/a = 0.61097 c/a = 0.67616 o= =~=290.0000 | y = 0.25000
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Fmmm

Table B.5: Lattice parameters and atomic positions of F'mmm. Symmetry group: 69. Wyckoff letter:

a.

P Lattice parameters
(TPa) (a.u.; °)

5.0 a=4.83536 b/a =0.60122 c/a = 0.67047 a = =~ =90.0000
5.5 a=4.76913 b/a =0.60222 c/a = 0.67202 a = f =~ = 90.0000
6.0 a=4.70959 b/a =0.60330 c/a =0.67301 a = f =~ = 90.0000
6.5 a = 4.65565 b/a =0.60433 c¢/a = 0.67368 a = f =~ = 90.0000
7.0 a =4.60580 b/a = 0.60522 c/a = 0.67445 a = =~ =90.0000
7.5 a =4.55918 b/a =0.60612 c/a = 0.67529 a = =~ =90.0000
8.0 a =4.51572 b/a =0.60703 c/a = 0.67601 a = =~ = 90.0000
8.5 a = 447550 b/a =0.60789 c/a = 0.67650 a = =~ = 90.0000
9.0 a = 4.43807 b/a = 0.60876 c/a = 0.67672 a = f =~ = 90.0000
9.5 a = 4.40251 b/a = 0.60959 c/a = 0.67708 a = f =~ = 90.0000
10.0 a=4.37002 b/a=0.61098 c/a = 0.67614 a = =~ =90.0000

C2/m

Table B.6: Lattice parameters and atomic positions of C2/m. Symmetry group: 12 (unique axis b).

Wyckoff letter: i.

P Lattice parameters Atomic
(TPa) (a.u.; °) coordinates

1.0 a=557599 b/a=0.57689 c/a=0.91105 | x = 0.07199 z = 0.21620
a =~ =90.0000 [ =111.4403

1.5 a=>5.31650 b/a=0.57637 c/a=0.91564 | x = 0.07294 z = 0.21943
a =~ =90.0000 [ =111.2768

2.0 a=>5.12857 b/a=0.57686 c/a = 0.92004 | x = 0.07391 z = 0.22171
a =~ =90.0000 [ =111.2442

2.5 a=4.97892 b/a=0.57748 c/a =0.92471 | x = 0.07465 z = 0.22374
a =~ =90.0000 S =111.1611

3.0 a=4.85559 b/a=057794 c/a=0.92925 | x = 0.07526 z = 0.22550
a =5 =90.0000 [ =111.0723

3.5 a=4.75713 b/a=0.576564 c/a = 0.93236 | x = 0.07561 z = 0.22708
a =~ =90.0000 [ =110.9304

4.0 a=4.67585 b/a=0.57432 c/a =0.93399 | x = 0.07561 z = 0.22842
a =~ =90.0000 S =110.7216
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B.3 EOS parameters

R3m

Table B.7: 3" order Birch-Murnaghan EOS parameters for R3m from 1.0 to 4.0 TPa.

T Vo By, By FE T o By, By E

0 |[4.01212 113831 3.924 -41.403 4500 || 497984 15.170 3.964 -41.829
500 | 4.03278 108.393 3.926 -41.393 5000 || 515071 11.141 3.968 -41.821
1000 || 4.09250 94.310 3.930 -41.391 5500 || 5.20817 10.123 3.968 -41.834
1500 || 417115 78.827 3.934 -41.406 6000 | 5.21827 10.022 3.968 -41.859
2000 || 4.26442  64.046 3939 -41.443 6500 || 5.22393 10.000 3.968 -41.887
2500 || 4.37301 50.611 3.944 -41.506 7000 || 5.22838 10.000 3.968 -41.915
3000 || 449838 38.876 3.949 -41.613 7500 || 523278 10.000 3.968 -41.943
3500 || 4.64536 28.826 3.955 -41.733 8000 || 523717 10.000 3.967 -41.974
4000 || 4.81970  20.485  3.960 -41.816

14, /acd

Table B.8: 3" order Birch-Murnaghan EOS parameters for 14 /acd from 1.0 to 4.0 TPa.

T Vo By B Eo T Vo By By, Eo

0 || 3.58415 331.530 3.884 -41.457 4500 || 5.17006 10.032 3.971 -41.756
500 || 3.57125 344.476 3.882 -41.455 5000 || 5.17617 10.015 3.970 -41.781
1000 || 3.58833 329.709 3.884 -41.465 5500 || 5.18218 10.000 3.970 -41.807
1500 || 3.65080 278.257 3.892 -41.488 6000 || 5.18732 10.000 3.970 -41.833
2000 || 3.76536  205.013 3.905 -41.523 6500 || 5.19246 10.000 3.970 -41.860
2500 || 3.95736 125.801 3.923 -41.570 7000 || 5.19671 10.015 3.969 -41.889
3000 || 4.29153  57.387 3.944 -41.628 7500 || 5.20176 10.016 3.969 -41.916
3500 || 4.71719  23.382  3.961 -41.684 8000 || 5.20707 10.011 3.968 -41.946
4000 || 5.07612  11.805 3.970 -41.728

Cmcm

Table B.9: 3" order Birch-Murnaghan EOS parameters for Cmem from 1.0 to 4.0 TPa.

T Vo By B, Eo T Vo By B, Eo
4000 || 5.16084 10.000 3.970 -41.697 6500 || 5.18474 10.000 3.968 -41.849
4500 || 5.16568 10.000 3.969 -41.745 7000 || 5.18917 10.005 3.968 -41.878
5000 || 5.17049 10.000 3.969 -41.770 7500 || 5.19340 10.013 3.968 -41.906
5500 || 5.17527 10.000 3.969 -41.795 8000 || 5.19810 10.011 3.968 -41.937
6000 || 5.18003 10.000 3.968 -41.822
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Table B.10: 3"¢ order Birch-Murnaghan EOS parameters for Cmem from 5.0 to 9.0 TPa.

T Vo Bo B} E, T Vo Bo B} E,

0 6.57580 0.981 3.988 -41.593 4500 || 7.13688 0.477 3.991 -41.709
500 || 6.60674 0.940 3.988 -41.594 5000 || 7.33095 0.376 3.991 -41.732
1000 || 6.61869 0.926 3.989 -41.598 5500 || 7.49259 0.309 3.992 -41.756
1500 || 6.64109 0.900 3.989 -41.606 6000 || 7.54730 0.290 3.992 -41.779
2000 || 6.64740 0.895 3.989 -41.616 6500 || 7.58073 0.280 3.992 -41.802
2500 || 6.66182 0.881 3.989 -41.630 7000 || 7.74203 0.232 3.993 -41.828
3000 || 6.68037 0.861 3.989 -41.645 7500 || 7.78986 0.220 3.993 -41.853
3500 || 6.69944 0.842 3.989 -41.662 8000 || 7.82937 0.211 3.993 -41.878
4000 || 6.89566 0.650 3.990 -41.685

Fmmm

Table B.11: 3"¢ order Birch-Murnaghan EOS parameters for Fmmm from 5.0 to 9.0 TPa.

T Vo  Bo B, By T Vo  Bo By, By

0 [[6.14300 1.749 3.986 -41.518 4500 || 8.01438 0.163 3.994 -41.691
500 | 6.37615 1.248 3.988 -41.526 5000 || 8.05792 0.156 3.994 -41.716
1000 || 6.59767 0.917 3.980 -41.538 5500 || 8.17003 0.138 3.994 -41.743
1500 || 6.82594 0.676 3.990 -41.554 6000 || 8.25680 0.126 3.994 -41.770
2000 || 7.06531 0497 3.991 -41.574 6500 || 8.30858 0.120 3.994 -41.798
2500 || 7.27376  0.384 3.992 -41.595 7000 || 8.33724 0.117 3.994 -41.826
3000 || 7.46975 0.303 3.992 -41.617 7500 || 8.45408 0.104 3.994 -41.856
3500 || 7.76323 0215 3.993 -41.642 8000 || 8.48268 0.101 3.995 -41.886
4000 || 7.90483 0.184 3.993 -41.667

C2/m

Table B.12: 374 order Birch-Murnaghan EOS parameters for C2/m from 1.0 to 4.0 TPa.

T Vo Bo B}, Eo T Vo Bo B, Eo
0 || 3.96781 127.123 3.920 -41.411 4500 || 4.83189 20.186 3.959 -41.864
500 || 4.00406 116.343 3.923 -41.398 5000 || 5.02147 14.160 3.964 -41.850
1000 || 4.06016 101.967 3.927 -41.397 5500 || 5.17016 10.859 3.967 -41.841
1500 || 4.13197  86.455 3.931 -41.414 6000 | 5.21882 10.029 3.968 -41.858
2000 || 4.21484 71769 3.936 -41.453 6500 | 5.22399 10.018 3.968 -41.886
2500 || 4.30122  59.409 3.940 -41.522 7000 || 5.22877 10.013 3.967 -41.914
3000 || 4.41393  46.659 3.945 -41.632 7500 || 5.23377 10.004 3.967 -41.942
3500 || 4.53406 36.358  3.950 -41.758 8000 | 5.23846 10.000 3.967 -41.972
4000 || 4.67201 27.544 3.955 -41.850
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C Carbon dioxide

C.1 Convergence calculations

C.1.1 Electronic structure parameters
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Figure C.1: Electronic energy convergence as a function of (a) Kinetic energy cutoff and (b) k-points

grid for COs-II at 70 GPa
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Figure C.2: Electronic energy convergence as a function of (a) Kinetic energy cutoff and (b) k-points

grid for CO5-IIT at 70 GPa
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Phase IV - R3c
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Figure C.3: Electronic energy convergence as a function of (a) Kinetic energy cutoff and (b) k-points
grid for CO2-1V at 70 GPa
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Figure C.4: Electronic energy convergence as a function of (a) Kinetic energy cutoff and (b) k-points
grid for CO2-V at 70 GPa
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Figure C.5: Phonon dispersion for CO-II at 70 GPa with g-points grid of 2 x 2 x 2 (red solid line)
and 4 x 4 x 4 (green dots).
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Figure C.6: Phonon dispersion for CO»-III at 70 GPa with g-points grid of 2 x 2 x 2 (red solid line)
and 4 x 4 x 4 (green dots).
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Phase IV - R3c
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Figure C.7: Phonon dispersion for CO2-IV at 42 GPa at Gamma point (red solid line) and with
g-points grid of 2 x 2 x 2 (green dots).
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Phase V - 142d
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Figure C.8: Phonon dispersion for CO2-V at 70 GPa with g-points grid of 2 x 2 x 2 (red solid line)
and 4 x 4 x 4 (green dots).

C.1.3 Zero-point energy

Table C.1: Zero-point energy convergence for (a) P4s/mnm, (b) Cmca, and (d) I42d at 70 TPa, and
(c) R3c, at 42 GPa. All the energy values of Fy(q) are in Ry.

g-points grid | Fp(q) g-points grid | Fp(q)

2x2x2 0.06167 2x2x2 0.12346

4x4x4 0.06190 4x4x4 0.12344
(a) Pdy/mnm (b) Cmca

g-points grid | Fp(q) g-points grid | Fp(q)

Gamma 0.67072 2x2x2 0.13920

2X2x%x2 0.6982 4x4x4 0.13949
(c) R3c (d) 142d

112



Appendix C

Carbon Dioxide

C.2 Structural parameters

Phase II - P4;/mnm

Table C.2: Lattice parameters and atomic positions of COs-II. Symmetry group: 136. Wyckoff letter
for C: a. Wyckoff letter for O: f.

P Lattice parameters Atomic
(GPa) (au.; °) coordinates
10 a=Db="721112 c¢/a = 1.14309 a=0=v=900 | y =0.21581
14 a=Db="704109 c/a = 1.14684 a=p=~v=290.0|y=0.22074
18 a=Db=16.91560 c/a=1.14791 a=06=~v=900 | y =0.22449
22 a=Db=6.81652 c/a = 1.14766 a=0=~v=900 | y = 0.22752
26 a=Db==6.73484 c/a = 1.14667 a=p08=~v=900 | y = 0.23005
30 a=Db=16.66556 c/a = 1.14520 a=0=~v=900 | y = 0.23223
34 a=Db=16.60535 «c/a = 1.14345 a=p=~v=290.0 | y=0.23414
38 a=Db=06.55228 «c/a = 1.14152 a=p=~v=290.0 | y=0.23584
42 a=Db=6.50488 c¢/a = 1.13946 a=0=~v=900 | y =0.23736
46 a=>b=646211 c¢/a = 1.13731 a=08=~v=900 | y =0.23875
50 a=Db=1642304 c/a = 1.13511 a=p08=~v=900 | y = 0.24003
54 a=Db=206.38726 c/a = 1.13288 a=p=~v=290.0 | y=0.24120
58 a=Db=06.35418 c/a = 1.13065 a=p=~v=290.0 | y=0.24229
62 a=Db=26.32344 c¢/a =1.12839 a=0=~v=900 | y =0.24330
66 a=Db=26.29480 c/a =1.12613 a=0=~v=900 | y =0.24425
70 a=Db=06.26795 c/a = 1.12389 a=0=~v=900 | y =0.24515
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Phase III - Cmca

Table C.3: Lattice parameters and atomic positions of COo-III. Symmetry group: 64. Wyckoff letter

for C: a. Wyckoff letter for O: f.

P
(GPa)

Lattice parameters

Atomic
coordinates

10
14
18
22
26
30
34
38
42
46
90
54
58
62
66
70

a=Db =9.05274
a = b = 8.80933
a=b = 8.61185
a = b = 8.46166
a=Db = 8.32923
a=Db = 8.21960
a=Db = 8.12034
a=b = 8.03321
a=b =17.95214
a=Db = 7.88049
a=>b =7.81412
a=Db="7.75273
a=Db =7.69340
a = b = 7.64013
a=Db = 7.58929
a=Db = 7.54245

(a.u.; °)
c/a = 1.26933
c/a = 1.28288
c/a = 1.29577
c/a = 1.30436
c/a = 1.31317
c/a = 1.31954
c/a = 1.32584
c/a = 1.33133
c¢/a = 1.33701
c/a = 1.34140
c/a = 1.34536
c/a = 1.34933
c/a = 1.35356
c/a = 1.35692
c/a = 1.36034
c/a = 1.36306

a=p=~=290.0
a=p=~=290.0
a=p=~=90.0
a=p=~=90.0
a=L08=~v=900
a=p=~=290.0
a=p=~=290.0
a=p=~=90.0
a=p=~=290.0
a=p=~=290.0
a=L8=~v=900
a=p=~=290.0
a=p=~=090.0
a=p=~=090.0
a=p=~=290.0
a=L8=~v=900

y = 0.28696 z =0.38532
y = 0.28262 z =0.38342
y = 0.27917 z =0.38186
y = 0.27632 z =0.38069
y = 0.27386 z =0.37965
y = 0.27172 z =0.37879
y = 0.26978 z =0.37802
y = 0.26804 z =0.37735
y = 0.26645 z =0.37672
y = 0.26498 z =0.37617
y = 0.26361 z =0.37566
y = 0.26232 z =0.37519
y = 0.26110 z =0.37474
y = 0.25996 z =0.37434
y = 0.25888 z =0.37395
y = 0.25785 z =0.37360
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Phase IV - R3c

Table C.4: Lattice parameters and atomic positions of CO9-IV. Symmetry group: 167 (hexagonal
axes). Wyckoff letter for Ci: b. Wyckoff letter for Ca: e. Wyckoff letter for O1: ¢. Wyckoff letter for

OQZ f
P Lattice parameters Atomic
(GPa) (a.u.; °) coordinates

10 a=b=1690834 c/a = 1.23255 Cay: x = 0.25003 — O1: z = 0.10557
a=L8=~v=290.0 Oy: x = 0.13820 y = 0.31894 z = 0.20851

14 a=Db=1653781 c/a = 1.23098 Ca: x =0.24972 — O1: z = 0.10793
a=p=~=290.0 Og2: x = 0.14130 y = 0.32013 z = 0.20789

18 a=Db=16.25574 c/a = 1.22968 Co: x = 0.24950 — O1: z = 0.10979
a=p=~=90.0 O5: x = 0.14374 y = 0.32110 z = 0.20744

22 a=b=16.02759 c/a = 1.22860 Cao: x =0.24932 — O1: z = 0.11133
a=p=~v=90.0 Og: x = 0.14577 y = 0.32192 z = 0.20710

26 a=Db=1583540 c/a = 1.22769 Cao: x = 0.24917 — O1: z = 0.11265
a=p=~=290.0 Og: x = 0.14752 y = 0.32263 z = 0.20682

30 a=Db=15.66934 c/a = 1.22691 Cao: x =0.24904 — O1: z = 0.11380
a=p=~v=90.0 O5: x = 0.14906 y = 0.32327 z = 0.20659

32 a=b=1552294 c/a = 1.22624 Cao: x =0.24892 — O1: z = 0.11483
a=p=~=290.0 Og2: x = 0.15043 y = 0.32384 z = 0.20640

36 a=Db=1539192 c/a = 1.22567 Co: x = 0.24882 — O1: z = 0.11577
a=pB=5=090.0 Os: x = 0.15168 y = 0.32436 z = 0.20622

42 a=b=1527328 c¢/a=1.22518 Cao: x = 0.24871 — O1: z = 0.11661

a=L8=~v=290.0

O2: x = 0.15283 y = 0.32483 z = 0.20607
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Phase V - 142d

Table C.5: Lattice parameters and atomic positions of CO2-V

for C: a. Wyckoff letter for O: d.

P Lattice parameters Atomic
(GPa) (a.u.; %) coordinates
10 a=Db="728496 «c/a = 1.54138 a=p=~v=290.0 | x=0.17482
14 a=b=1721001 c/a=1.55487 a=0=~v=900 | x=0.17860
18 a=b="713976 c/a = 1.56837 a=0=~v=900 | x =0.18211
22 a=b="707345 c/a = 1.58193 a=08=~v=900 | x =0.18539
26 a=Db="701054 c/a = 1.59560 a=p=~v=090.0 | x=0.18847
30 a=Db =16.95058 c/a = 1.60937 a=p=~v=290.0 | x=0.19139
34 a=Db=16.89323 c¢/a =1.62328 a=0=~v=900 | x =0.19415
38 a=Db=6.83815 c¢/a=1.63733 a=0=~v=900 | x=0.19678
42 a=Db=26.78509 c/a = 1.65154 a=08=~v=900 | x=0.19929
46 a=Db=26.73410 c/a = 1.66578 a=p=v=290.0 | x=0.20169
50 a=Db=106.68481 c/a = 1.68009 a=p=~v=290.0 | x=0.20399
54 a=Db=26.63742 c¢/a = 1.69432 a=p=~v=290.0 | x=0.20618
58 a=Db=6.59178 c¢/a = 1.70846 a=08=~v=900 | x = 0.20829
62 a=D>b=26.54804 «c/a = 1.72232 a=8=~=090.0 | x=0.21029
66 a=Db=16.50592 c/a = 1.73595 a=p=~v=90.0 | x=0.21222
70 a=Db=10646579 c/a = 1.74912 a=p=~v=290.0 | x=0.21405

C.3 EOS parameters
Phase II - P4, /mnm

. Symmetry group: 122. Wyckoff letter

Table C.6: 3"% order Birch-Murnaghan EOS parameters for Phase II - P45 /mnm from 10 to 50 GPa.

T Vo By B Eo T Vo Bo B Eo

0 || 6.80953 125.032 3.760 -101.762 1300 || 7.18581 909.038 3.277 -101.876
100 || 6.82206 123.021 3.750 -101.763 1400 || 7.21894 97.040 3.247 -101.890
200 || 6.84637 121.023 3.709 -101.767 1500 || 7.25228 95.071 3.218 -101.904
300 || 6.87407 119.061 3.663 -101.772 1600 | 7.28638 93.048 3.191 -101.918
400 || 6.90334 117.022 3.617 -101.779 1700 || 7.32093 91.022 3.165 -101.933
500 || 6.93319 115.028 3.572 -101.787 1800 || 7.35554 89.059 3.140 -101.948
600 || 6.96365 113.013 3.529 -101.796 1900 || 7.39100 87.041 3.117 -101.964
700 || 6.99412 111.070 3.487 -101.805 2000 || 7.42684 85.046 3.094 -101.980
800 || 7.02520 109.078 3.448 -101.816 2100 || 7.46326 83.048 3.072 -101.996
900 || 7.05686 107.027 3.410 -101.827 2200 || 7.50029 81.047 3.051 -102.012
1000 || 7.08870 105.013 3.375 -101.838 2300 || 7.53790 79.053 3.031 -102.029
1100 || 7.12058 103.050 3.340 -101.850 2400 || 7.57642 77.032 3.011 -102.046
1200 || 7.15291 101.065 3.308 -101.863 2500 || 7.61567 75.011 2.993 -102.063
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Phase III - Cmca

Table C.7: 3" order Birch-Murnaghan EOS parameters for Phase III - Cmca from 10 to 50 GPa.

T Vo Bo B, Eo T Vo Bo B Eo

0 | 6.64005 181.136 3.683 -101.755 1300 || 7.28346 81.593 3.403 -101.879
100 || 6.65533 177.035 3.677 -101.756 1400 || 7.38371 71.795 3.391 -101.895
200 || 6.68902 169.066 3.655 -101.760 1500 || 7.50490 61.473 3.380 -101.912
300 || 6.72478 161.953 3.625 -101.766 1600 || 7.53569 61.409 3.335 -101.927
400 || 6.76268 154.899 3.595 -101.773 1700 || 7.53618 62.655 3.326 -101.940
500 || 6.80058 148.572 3.564 -101.781 1800 || 7.54890 65.466 3.250 -101.956
600 || 6.83607 143.637 3.527 -101.791 1900 || 7.55685 67.633 3.203 -101.972
700 || 6.88385 135.342 3.505 -101.801 2000 || 7.58195 68.859 3.143 -101.988
800 || 6.95221 122.389 3.503 -101.812 2100 || 7.60042 69.971 3.100 -102.005
900 || 6.99521 117.323 3.470 -101.824 2200 || 7.61796 71.158 3.060 -102.021
1000 || 7.05432 109.099 3.450 -101.837 2300 || 7.72957 63.108 3.047 -102.041
1100 || 7.12116 100.316 3.432 -101.850 2400 || 7.87491 53.707 3.040 -102.062
1200 || 7.19687 91.125 3.417 -101.864 2500 || 8.09517 41.715 3.041 -102.085

Phase IV - R3c

Table C.8: 3" order Birch-Murnaghan EOS parameters for Phase IV - R3¢ from 10 to 50 GPa.

T Vo By B Eo T Vo Bo B Eo

0 || 6.64095 181.136 3.683 -101.755 1300 || 7.28346 81.593 3.403 -101.879
100 || 6.65533 177.035 3.677 -101.756 1400 || 7.38371 71.795 3.391 -101.895
200 || 6.68902 169.066 3.655 -101.760 1500 || 7.50490 61.473 3.380 -101.912
300 || 6.72478 161.953 3.625 -101.766 1600 || 7.53569 61.409 3.335 -101.927
400 || 6.76268 154.899 3.595 -101.773 1700 || 7.53618 62.655 3.326 -101.940
500 || 6.80058 148.572 3.564 -101.781 1800 || 7.54890 65.466 3.250 -101.956
600 || 6.83607 143.637 3.527 -101.791 1900 || 7.55685 67.633 3.203 -101.972
700 || 6.88385 135.342 3.505 -101.801 2000 || 7.58195 68.859 3.143 -101.988
800 || 6.95221 122.389 3.503 -101.812 2100 || 7.60042 69.971 3.100 -102.005
900 || 6.99521 117.323 3.470 -101.824 2200 || 7.61796 71.158 3.060 -102.021
1000 || 7.05432 109.099 3.450 -101.837 2300 || 7.72057 63.108 3.047 -102.041
1100 || 7.12116 100.316 3.432 -101.850 2400 || 7.87491 53.707 3.040 -102.062
1200 || 7.10687 91.125 3.417 -101.864 2500 || 8.09517 41.715 3.041 -102.085
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Table C.9: 3"% order Birch-Murnaghan EOS parameters for Phase V - 142d from 10 to 50 GPa.

T Vo Bo B, Eo T Vo Bo B, Eo

0 || 5.44055 1356.100 3.279 -101.654 1300 || 5.49148 1236.130 3.335 -101.711
100 || 5.44081 1355.180 3.280 -101.654 1400 || 5.49729 1222.790 3.342 -101.719
200 || 5.44195 1352.690 3.280 -101.655 1500 || 5.50318 1209.490 3.349 -101.728
300 || 5.44408 1347.930 3.280 -101.656 1600 | 5.50920 1196.020 3.356 -101.737
400 || 5.44713 1340.700 3.283 -101.658 1700 || 5.51531 1182.470 3.363 -101.747
500 || 5.45086 1331.700 3.287 -101.661 1800 | 5.52152 1168.760 3.370 -101.757
600 || 5.45508 1321.460 3.292 -101.665 1900 || 5.52785 1154.960 3.377 -101.767
700 || 5.45967 1310.390 3.298 -101.670 2000 || 5.53432 1140.750 3.385 -101.778
800 || 5.46451 1298.940 3.303 -101.675 2100 || 5.54082 1126.990 3.391 -101.789
900 || 5.46961 1286.800 3.309 -101.681 2200 || 5.54746 1112.920 3.398 -101.800
1000 || 5.47486 1274.480 3.316 -101.688 2300 || 5.55422 1098.670 3.406 -101.811
1100 || 5.48040 1260.790 3.325 -101.695 2400 || 5.56108 1084.300 3.413 -101.823
1200 || 5.48563 1250.520 3.325 -101.702 2500 || 5.56803 1070.210 3.420 -101.835
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The phase diagram of solid oxygen at terapascal pressures and several thousand Kelvin has been studied
with ab initio density functional theory within the quasiharmonic approximation for the vibrational free energy.
Our work extends previous theoretical studies done at zero temperature and shows that temperature has a
dramatic effect on the sequence of phases. At low temperature, the transition from onefold (molecular) to
fourfold coordination takes place through two intermediate phases with twofold coordination and space groups
14, /acd and Cmcm. Above 8000 K we find that these two intermediate phases are no longer stable, and oxygen
transforms directly from a molecular phase to a fourfold coordinated phase of space group Fmmm. We also
find that the transition between Cmcm and Fmmm can be ascribed as a second-order transition driven by an

electronic instability.

DOI: 10.1103/PhysRevB.98.094103

I. INTRODUCTION

Owing to the magnetic character of the O, molecule, the
element oxygen exhibits a richer phase diagram than other
low-Z diatomic molecules such as H,, N,, CO, or F,. Six
phases of solid oxygen have been observed experimentally so
far: Half of them («, B, and y) exist under equilibrium vapor
pressure, and the other three (3, €, and ¢) are obtained in the
high-pressure regime. As pressure increases, oxygen shows
a wide range of physical properties that go from insulating
[1] to metallic [2], including also antiferromagnetic [3-6]
and superconducting [7,8] phases. At the highest pressure
reached for this element in the laboratory, about 130 GPa
under diamond-anvil cell compression, it remains molecular
[8]. In the €-O, phase, which is stable between 8 and 96 GPa at
ambient temperature [2], the oxygen molecules associate into
clusters composed of four molecules, but they fully retain their
molecular character as confirmed by vibrational spectroscopy
and x-ray diffraction [9,10].

All other group-VI elements develop nonmolecular and
eventually monoatomic structures at much lower pressure.
Sulfur transforms into a chainlike polymeric phase at about
15 GPa and eventually becomes monoatomic, with a rhom-
bohedral 8-Po structure at 153 GPa [11]. Phases with a 8-Po
structure are also reported for Se at 60 GPa [12], for Te at
11 GPa [13], and for Po at ambient pressure [14]. More-
over, both selenium and tellurium exhibit a body-centered
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cubic (bcc) structure as a post S-Po phase [12,15,16]. For
oxygen, however, an earlier theoretical study has shown that
the monoatomic B-Po structure is less stable than molecular
phases at multimegabar pressures [17]. The reluctance of
oxygen to give up its molecular character has been attributed
in a recent study by Sun ef al. to the strong electron lone-pair
repulsion in the nonmolecular phases. This resembles, we
notice, the reluctance of the electron-richer halogen elements
to lose their molecular character. For instance, fluorine is
molecular up to the highest pressures experimentally achieved
so far in this element [18], while Cl,, Br,, and I, dissociate
around 157, 115, and 43 GPa, respectively [19-27].

In the same work, Sun er al. [28] show that oxygen
remains molecular up to 1.9 TPa before transforming into
a semiconducting square-spiral-like polymeric structure with
symmetry /4;/acd and oxygen in twofold coordination. This
phase is then reported to transform at 3.0 TPa into a phase
with Cmcm symmetry, consisting of zigzag chains that pack
atoms more efficiently than the square-spiral chains. Finally,
when pressure reaches 9.3 TPa, the in-plane zigzag chains
merge into a layered structure with Fmmm symmetry and
four equidistant nearest neighbors for each oxygen atom [28].

Temperature can have profound effects on the stability of
molecular phases, both in their liquid and solid forms. Shock-
compression experiments indicate that at about 100 GPa the
oxygen molecule dissociates in the fluid when the temperature
exceeds 4000 K [29], whereas theoretical studies based on

©2018 American Physical Society
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ab initio molecular dynamics place molecular dissociation
above 80 GPa at temperatures that exceed 5000 K [30].
Unfortunately, nothing is known about the temperature effects
on the phase diagram of solid oxygen at extreme pressures.
A crude extrapolation of the oxygen melting line, based on
theoretical and experimental data [31,32], yields a melting
temperature of about 26 000 K at 1.9 TPa. Although this ex-
trapolation is based on data below 100 GPa and is, therefore,
to be taken with caution, this provides a hint that solid oxygen
phases could indeed be the stable forms of this element in
some planetary interiors. Hence, the understanding of the
effects of temperature on the solid portion of oxygen’s phase
diagram at multimegabar pressures is not only relevant from
a fundamental perspective, but also for its potential relevance
to planetary studies. Moreover, recent technical developments
in dynamic shock-wave (ramp) compression have made it
possible to achieve temperature and pressure conditions in the
laboratory that are within the solid portion of selected phase
diagrams [33-35], suggesting that experiments may soon be
able to study the properties of this element at planetary
conditions.

The ground state calculations performed by Sun et al.
[28] show that the transitions from molecular to polymeric
and finally to fourfold coordinated have dramatic effects on
the vibrational properties of solid oxygen. Finite-temperature
contributions to the free energy should, therefore, differ sub-
stantially between different phases and the phase transitions at
high temperature may, as a consequence, differ quantitatively
and qualitatively from the ones calculated at zero tempera-
ture. In this work, by performing density functional theory
(DFT) together with quasiharmonic approximation (QHA)
calculations for the determination of vibrational free energies,
we extend the current theoretical knowledge on the ultra-
high-pressure region of the phase diagram of solid oxygen to
temperatures up to 8000 K. We find that temperature has a
remarkable effect on the phase diagram of this element indeed,
resulting in the disappearance of two previously reported
nonmolecular forms at sufficiently high temperature.

II. METHODS

Out of the several crystalline structures considered in the
earlier theoretical work by Sun et al. [28], we select here the
ones that were found to be stable in the range of pressure 1-10
TPa: a molecular structure with symmetry R3m and three
nonmolecular structures with symmetry 74, /acd, Cmcm, and
Fmmm, respectively. Enthalpy differences among the differ-
ent molecular structures considered in Ref. [28] (P63/mmc,
C2/m, C2/c, and R3m) are small compared to enthalpy
differences between molecular and nonmolecular structures,
SO we expect transition pressures between molecular and
nonmolecular phases to be largely independent of the specific
molecular structure considered. Here we consider the R3m
phase as representative of the stable solid molecular oxygen
form before polymerization and tested the validity of this
assumption with a test calculation on a different molecular
structure with symmetry C2/m.

The structural properties were calculated using DFT as
implemented in QUANTUM ESPRESSO [36]. The electron-
ion interactions were treated using a projector augmented

wave pseudopotential with six valence electrons. The valence
electron wave functions are expanded in a plane-wave basis
set with a kinetic energy cutoff of 400 Ry. The exchange-
correlation functional was approximated by the general-
ized gradient approximation (GGA) of the Perdew-Burke-
Ernzerhof form [37]. Brillouin zone integrations were carried
out using k-point grids generated with the Monkhorst-Pack
method [38]. The size of these grids are 18 x 18 x 18, 4 x
4 x 12,8 x 16 x 16, and 8 x 16 x 16 for the primitive cells
of the four phases of oxygen considered in this study; these
choices provided a total-energy-difference convergence of
2 meV per atom or better. The structural parameters for all the
structures were obtained by performing variable cell optimiza-
tion at various values of pressure. Note that the energies and
electronic structures of the four structures have been already
studied by Sun et al. [28]; they showed that at T = 0 K, all
the phases are metallic at the terapascal regime, except for
14, /acd which is a wide-gap semiconductor. Our calculations
agree well with those results, as discussed in Sec. III. For the
metallic phases, the calculations were done using the Fermi-
Dirac smearing technique with a width of 43 meV, in order to
take into account the electronic entropy at 500 K. This width
was kept fixed while calculating the vibrational properties at
all temperatures, as justified by the lack of sensitivity of our
free energy results with respect to this parameter.

The vibrational properties at T =0 K were calculated
using density functional perturbation theory (DFPT) in the
linear response regime [39]. The g-point grids used to obtain
the dynamical matrices were as follows: 4 x 4 x 4 for R3m,
2 x2x6forl4y/acd,?2 x 4 x 4 for Cmcm, and 2 x 4 x 4
for Fmmm.

Finite-temperature contributions to the Helmholtz free en-
ergy were obtained using the QHA [40,41]:

1
F(V.T)=Up(V)+ 3 %hqu

+ksT Y In[1 — exp(—Fiwgs/ksT)l, (1)
qs

where wgs is the frequency of the mode s at point q in the
Brillouin zone and a given volume V; Uy(V) is the ground
state electronic energy of the crystal at volume V, and the
second and third terms on the right-hand-side of the above
equation are the zero-point energy (ZPE) and the thermal
vibrational contribution to the free energy, respectively, at
volume V.

As we are interested in determining the pressure-
temperature (P-T) phase diagram, we have calculated the
Gibbs free energy as:

G(P,T)=F[V(P,T), TI+PV(P,T), 2)

where the value of the P is obtained by fitting Eq. (1) to
a third order Birch-Murnaghan equation of state for each of
the phases at different temperatures and their corresponding
parameters are specified in the Supplemental Material [42].
All fits had a variance (x?) of order 107 or better.

III. RESULTS AND DISCUSSION

We begin our analysis by considering the case T = 0 K,
with and without the zero-point energy contributions. In the
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FIG. 1. Proposed finite temperature phase diagram for solid oxy-
gen at extreme conditions of pressure and temperature. The transition
pressures Pr, at zero temperature without taking into account the
zero-point energy (ZPE), reported by Sun et al. [28] and calculated
in the present study, are marked as orange and green circles, respec-
tively. The phase boundaries at finite temperature, corresponding to
calculations including ZPE and using an electronic temperature of
500 K, are shown by solid black lines.

low-pressure region of this study we find that the contribu-
tion of the ZPE is marginal, moving the transition pressures
0.08 TPa and 0.02 TPa higher than those reported without
ZPE when going from R3m to I4,/acd and from 14, /acd to
Cmcm, respectively (see Fig. 1). In the high-pressure region,
our enthalpy-pressure relations show that the transition from
Cmcem to Fmmm at 0 K is located near 8.6 TPa if ZPE
is not included; this is 0.7 TPa lower than the transition
pressure found by Sun et al. with the same approximations
[28]. Our equations of state were fitted on a broader set of
volumes than Sun et al., usually fifteen or more volumes per
structure. We believe that this could be one of the reasons
for the discrepancy. Moreover, when the ZPE contribution
is included, it has a noticeable effect, shifting the transition
pressure from 8.6 TPa to 7.5 TPa.

We now consider the effects of finite temperature on the
Gibbs free energies and transition pressures. Our calculations
are based on the QHA and may suffer from the incom-
plete consideration of anharmonicities, in particular when the
system approaches the melting temperature, therefore, our
analysis is restricted here to temperatures below 8000 K.
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The finite temperature contribution to the free energy has
dramatic consequences on the relative stability of the crys-
talline phases (Fig. 1). For instance, the pressure location for
the R3m to 14, /acd phase boundary is shifted towards higher
pressures by approximately 1 TPa when the temperature is
raised from 0 to 5000 K, indicating that the molecular R3m
phase enlarges its region of stability with respect to the
polymeric 14;/acd, as temperature increases. However, the
finite temperature contribution hardly changes the transition
boundary between the phases /4|/acd and Cmcm, as we
observed an increment of just 0.05 TPa at 5000 K with respect
to the transition pressure calculated at 0 K. We observe that the
region that encompassed the 74, /acd phase narrows down as
temperature increases until, at 2.9 TPa and 5200 K, there is
a triple point above which this phase disappears completely.
Thus, the picture of /4, /acd as an insulating solid phase lying
between two metallic ones (R3m and Cmcm) is only valid at
relatively low temperatures. Unlike the previous two cases,
the shift seen in the case of the Cmcm-to-Fmmm transition
is towards lower pressures and is much more pronounced,
leading to a second triple point at 3.2 TPa and 7800 K, where
the R3m, Cmcm, and Fmmm phases meet. This indicates that
above 8000 K oxygen transforms directly from a molecular to
a fourfold coordinated form.

So far our analysis has been restricted to a single molec-
ular structure (R3m). In order to test the validity of our
assumption that R3m can be considered as representative of
the stable molecular structure, we repeated the calculations
with a different molecular structure, of symmetry C2/m. This
structure was found to possess the second lowest enthalpy
after R3m, among the structures considered by Sun et al.
[28]. We find that the transition line between C2/m and the
other structures is indistinguishable from the transition line of
R3m, suggesting that not only enthalpy but also entropy is
very similar among different molecular forms.

As already mentioned, an extrapolation of the measured
melting line of oxygen to TPa pressures yields a melting
temperature exceeding 25 000 K at 2 TPa. An indepen-
dent estimate of the melting temperature can be obtained
by calculating the Lindemann ratio of the solid phases, a
quantity that normally reaches values between 0.1 and 0.15
at melting. We calculated the Lindemann ratio for the R3m
molecular structure and for the Fmmm structure within the
QHA approximation. In the case of the molecular structure we
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Phonon dispersions of oxygen in (a) R3m with the vibron mode in dashed line and (b) 74, /acd phases at 2.0 TPa.
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FIG. 3. Electronic charge densities along the [100] direction and
electron lone pairs of (a) Cmcm and (b) Fmmm at 7.5 TPa. The
color scales indicate the values of the charge density in ¢/Bohr?. On
the left panel, the isosurface of red and orange regions are electron
poor, while blue and violet regions are electron rich. Additionally,
isosurface contours are shown by solid black lines. On the right
panel, the lone pairs are represented by transparent gray colors; the
corresponding isosurface value is +1.25 ¢/Bohr?. The oxygen atoms
are represented by red spheres and the Cmcm zigzag chains are
shown in red and pink.

assumed that melting takes place between a molecular solid
and a molecular liquid and evaluated the Lindemann ratio
based on the mean-square displacement of the center of mass
of the molecules. We found that calculated values of Ly are
always below 0.095, for both phases, in the temperature range
from 0 K to 8000 K. Our calculations therefore rule out the

1.4
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35404550556.0657.07.58028.5
Pressure (TPa)

FIG. 5. Evolution of a Fmmm phonon mode at the zone bound-
ary as a function of pressure. The normal mode is along the [100]
direction, and its frequencies (w) are plotted in red. A linear relation
between the squared phonon frequencies (w?) and pressure (blue)
is observed and indicates that the phonon softening occurs near

4.7 TPa. The normal mode is represented as blue arrows on the atoms
of the Fmmm structure.

presence of a liquid in the pressure and temperature region
considered in this work.

We were also able to confirm that strongly localized lone
pairs persist into the polymeric phases with an OX,E, bent
shape, as already noted by Sun ef al. [28]. This, together with
an electron counting argument, can explain the reluctance of
oxygen to take higher coordinated structures. The formation
in /4 /acd of one additional covalent bond and the lone pair
repulsion between chains, contribute to making it stiffer and
less flexible than the molecular R3m phase. At temperatures
below 4000 K the contribution to the entropy of the high
frequency vibron in Fig. 2(a) is limited by quantum effects.
The remaining modes show a frequency increase across the
transition, which implies a decrease of the vibrational entropy.
This is consistent with the positive slope of the transition line
at finite temperature (see Fig. 1). Similarly, the /4, /acd and
Cmcm phases are characterized by having two covalent bonds
per oxygen and very similar lone pair repulsion between
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for Cmcm and Fmmm are shown. The vertical black dashed line corresponds to the calculated transition pressure between these two phases.

The average of B, and B, are also shown by a dotted blue line in (a).
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FIG. 6. Phonon dispersions of oxygen in Cmcm (in cyan) and
Fmmm (in orange) phases at 8.0 TPa. Note that the supercell size
has been used in both the cases.

chains. Therefore, one does not expect important changes in
terms of bonding and stiffness, which justifies why we observe
an almost vertical transition line between these two polymeric
forms in the P-T phase diagram (Fig. 1).

As pressure increases above 4 TPa and keeps approaching
the vicinity of the Cmcm — Fmmm transition, the bent
shape of the lone pairs in Cmcm starts to allow for a nonsym-
metrical fourfold coordination, which brings the formation of
two additional weak covalent bonds per each oxygen prior
to the final transition towards the fully symmetric Fmmm
configuration; this is shown in Fig. 3(a) by the charge density
profiles. This process causes a gradual merging of the so-
called zigzag chains into a layered structure. For instance, at
T = 0 K and 7.0 TPa, the four shortest links for each oxygen
consist of two sets of bonds with lengths 1.04 A and 1.18 A,
respectively. Instead, when Cmcm transforms into Fmmm
above 7.5 TPa not only the coordination of the oxygen atoms
becomes symmetrical, with an equal length of 1.10 A, but also
we can see now that the lone pairs adopt the OX4E, square

planar shape, as a consequence of the higher symmetry of this
phase as Fig. 3(b) shows.

From a space-group point of view, Cmcm is a subgroup
of Fmmm so that the transition can be classified in principle
as a second-order phase transition. Coupling of the strain
with the internal degrees of freedom, however, introduces a
slight discontinuity in the structural parameters (see Fig. 4),
similarly to the case of the stishovite (rutile) to the CaCl,-type
phase transition in SiO, [43]. Further evidence for the quasi-
second-order nature of the transition comes from the phonon
dispersions of the two phases. In Fig. 5 we show the pressure
dependence of the frequency of the phonon mode at the
Brillouin zone vector of the Fmmm phase corresponding to
the reciprocal lattice vector of the Cmcm phase. The mode
becomes unstable when pressure is decreased below 4.7 TPa,
indicating a lattice instability of the Fmmm phase towards
Cmcm, as also confirmed by the pattern of the unstable
mode, shown in the inset of Fig. 5. A characteristic feature
of second-order phase transitions is the higher entropy of the
high-symmetry phase with respect to the low-symmetry
phase. This is consistent with the pronounced left turning of
the Cmcm to Fmmm phase transition line at finite tempera-
tures in Fig. 1, and it is confirmed by the phonon dispersions
of the two phases calculated at the transition pressure of
8.0 TPa (Fig. 6). Contrary to the naive expectation that fre-
quencies become stiffer in the high-pressure (Fmmm) phase
with respect to the low-pressure (Cmcm) phase, the phonon
dispersion of the Cmcm phase has modes that are marginally
higher in energy than those of the Fmmm phase. This is
consistent with the lower entropy of the Cmcm phase with
respect to the Fmmm phase.

To gain further insight into the driving force of the quasi-
second-order transition, we show in Fig. 7 the electronic
density of states (DOS) of the two phases in the vicinity of
the pressure where Fmmm becomes unstable. Interestingly,
the DOS of the Fmmm phase shows a pronounced peak that
crosses the Fermi level between 4.5 and 5 TPa, the same
pressure of the phonon instability reported in Fig. 5. The
distortion leading to the Cmcm structure causes a lowering
of the DOS at the Fermi level. We, therefore, argue that
the Cmcm to Fmmm transition is driven by an electronic
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FIG. 7. Electronic DOS of oxygen in Cmcm (in red) and Fmmm (in blue) phases as a function of pressure.
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instability qualitatively similar to a commensurate charge-
density-wave transition. A similar phenomenology has been
observed in other chalcogen elements, where it has been
shown to be connected with the emergence of a superconduct-
ing state in the undistorted state (Fmmm in this case) close to
the transition pressure to the distorted phase [11].

IV. CONCLUSIONS

Our theoretically predicted phase diagram of oxygen at ex-
treme pressures and temperatures extends earlier calculation
at high pressure and zero temperature and shows that tempera-
ture has a profound effect on the phase diagram. At finite tem-
peratures, the molecular phase expands its stability range to
pressures exceeding 3 TPa at the highest temperatures consid-
ered in this work (8000 K). On the contrary, the range of sta-
bility of the first nonmolecular phase, /4, /acd, shrinks with
temperature and the phase is no longer thermodynamically
stable above 5000 K. Interesting physics underlies the tran-
sition between the Cmcm and the Fmmm nonmolecular

phases. Our calculations indicate a quasi-second-order tran-
sition between the two phases and show that the transition
is driven by an electronic instability causing a softening of
the corresponding phonon mode. We argue that this may
imply a superconducting state which is beyond the scope of
this work but which certainly deserves further attention. The
range of pressures and temperatures examined in this work
are now within reach of ramp-compression experiments which
we hope will soon shed additional light on the intriguing
aspects of the pressure-induced demise of molecular oxygen
as reported in this and other recent theoretical studies.
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The experimental study of the CO, phase diagram is hampered by strong kinetic effects leading to wide
regions of metastability and to large uncertainties in the location of some phase boundaries. Here, we
determine CO,’s thermodynamic phase boundaries by means of ab initio calculations of the Gibbs free
energy of several solid phases of CO, up to 50 Gigapascals. Temperature effects are included in the
quasiharmonic approximation. Contrary to previous suggestions, we find that the boundary between
molecular forms and the nonmolecular phase V has, indeed, a positive slope and starts at 21.5 GPa at
T =0 K. A triple point between phase IV, V, and the liquid phase is found at 35 GPa and 1600 K,
indicating a broader region of stability for the nonmolecular form than previously thought. The
experimentally determined boundary line between CO,-II and CO,-IV phases is reproduced by our
calculations, indicating that kinetic effects do not play a major role in that particular transition. Our results
also show that CO,-III is stabilized at high temperature and its stability region coincides with the P-T
conditions where phase VII has been reported experimentally; instead, phase II is the most stable molecular
phase at low temperatures, extending its region of stability to every P-T condition where phase III is

reported experimentally.

DOI:

Widely studied during the past years, carbon dioxide
(CO,) is a fascinating system that, despite its simple
molecular form at ambient conditions, exhibits a rich
polymorphism at high pressures and temperatures, with
up to seven crystalline structures reported experimentally
so far, in addition to an amorphous form (see Fig. 1). At
room temperature the molecular gas transforms into a
liquid at 7.5 MPa which then solidifies at 0.5 GPa into
CO,-1, a molecular crystal with space group Pa3 [1,2]. By
further increasing pressure at ambient temperature, CO,-I
transforms to the orthorhombic phase III (Cmca space
group) above 10 GPa, with a minimal volume change [3].
A recent theoretical study has provided insights into the
microscopic mechanism of the Pa3-to-Cmca transition [4].
Heating compressed CO,-III above ~470 K [5,6] leads to
the transformation into phase II. However, this transition is
not reversible: CO,-II can be recovered at ambient temper-
ature while pressurized, suggesting that CO,-III is a kinetic
product of the compression of CO,-I and not a stable phase
[5,7]. With the exception of a recent theoretical study [8],
all previous theoretical work confirms that CO,-II is
more stable than CO,-IIl at ambient temperature and
below. Initially described as a structure with carbon in
an unconventional sixfold coordination, phase II was
interpreted as an intermediate state between the molecular
and the extended solid form of CO, [9], however,
subsequent studies disproved the existence of such an

intermediate bonding state and identified the structure of
phase II as composed of undistorted molecules, with space
group P4,/mnm [10]. CO,-II transforms into CO,-IV
when it is heated in the 500-720 K range, depending on
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FIG. 1. CO, phase diagram adapted from Ref. [15]. Yellow,
green, blue, and purple areas correspond to the molecular, non-
molecular, fluid, and amorphous forms of CO,, respectively. Solid
lines correspond to thermodynamic phase boundaries, while
dashed lines are kinetic boundaries. Names in bold and italic
indicate thermodynamic and metastable phases, respectively.
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pressure [5,7]. Phase IV, similar to phase II, was also
initially interpreted as an intermediate bonding state [11];
here again, this interpretation was disproved by showing
experimentally that CO,-IV is still composed of well
defined linear molecules and that its crystalline structure
is thombohedral with space group R3c [12]. At higher
temperatures, an intermediate phase between CO,-I and
CO,-IV was observed by heating CO,-I to ~950 K and
compressing it up to 20 GPa. The crystal structure of this
molecular high-temperature stable phase (CO,-VII)
belongs to space group Cmca. [13]. Despite the fact that
CO,-VII and CO,-III have the same space group, some
differences in their Raman spectra and in their lattice
parameters suggested that their structures might be quanti-
tatively and qualitatively different [13]. However, a recent
theoretical study has shown that CO,-III and CO,-VII
belong to the same configurational energy minimum and
that CO,-III is a low temperature metastable manifestation
of CO,-VII [14].

The nonmolecular CO,-V phase was first synthesized by
laser heating CO,-III above 40 GPa and 1800 K [16], and
its crystalline structure has now been determined as a fully
tetrahedral partially collapsed cristobalitelike structure,
with space group 142d [17,18]. By compressing CO,-II
to 50 GPa at 530 and 650 K, another nonmolecular form of
carbon dioxide (CO,-VI) was obtained [11]. Its vibrational
spectra is consistent with those of metastable layered
tetrahedral structures, as shown in [19]. In addition to
the molecular and nonmolecular phases, an amorphous
form of carbon dioxide (a-CO,) was observed upon
compressing CO,-III in the pressure range from 40 to
48 GPa at room temperature [7]. The microscopic structure
of a-CO, has been explained as a frustrated mixture of
threefold and fourfold coordinated carbon atoms, in an
intermediate metastable form towards fully tetrahedral
coordination [20]. Finally, CO,-V has been reported to
dissociate into elemental carbon (diamond) and oxygen
(e — O,) at pressures between 30 and 80 GPa, and temper-
atures above 1700 K, [21,22]. However, more recent
theoretical [23] and experimental [24] works have not
observed a transition from the nonmolecular CO,-V phase
into a dissociated state. Moreover, Dziubek et al. [24]
confirmed that CO,-V is the only stable phase among all
known nonmolecular forms of carbon dioxide, as already
proposed by a previous experimental work [25] as well as
by theoretical structural searches in the previous decade.
The fate of CO, at high pressures has important implica-
tions for the Earth’s global carbon budget [26]. CO,
degassing in the upper mantle affects melting beneath
oceanic ridges [27] and carbonate decomposition [28] may
have implications for plume formation in the lower mantle
[29]. Therefore, a precise assessment of the transition lines
between CO, phases, can offer a better understanding of the
dynamics of CO, within the context of the deep carbon
cycle. The goal of defining a complete thermodynamic

phase diagram for this basic molecular system has been
elusive to experimentalists due to the unique and incredibly
strong kinetic limitations and the metastability that are
present in CO,’s molecular and extended forms, this, in
addition to diverse interpretations of the experimental
diffraction data coming from very small samples in diamond
anvil cell (DAC) experiments. It is, then, problematic that,
after many decades of research, there is no final thermody-
namic phase diagram for CO, in a range of P-T conditions
that have been accessible in the lab by diamond anvil cell
experiments since the end of the previous century. In this
sense, by avoiding uncertainties coming from kinetic
limitations and metastability, our Letter presents a well
motivated purely ab initio density functional theory (DFT)-
based determination of the complete phase diagram of CO,
in an ample pressure and temperature range.

The currently accepted phase diagram including all the
mentioned forms of solid CO, along with the region where
it becomes a fluid is shown in Fig. 1.

In this particular system, strong kinetic effects hinder the
experimental determination of the phase boundaries, while
the small size of the samples in high-pressure experiments
makes structure determinations quite difficult. As a con-
sequence, several questions remain open regarding the
nature and location of the phase boundaries and the stability
of the phases reported in Fig. 1. In the molecular portion of
the phase diagram, open questions include the relative
stability of CO,-II and CO,-III at low temperature, and the
nature of CO,-VII, in particular its structural relationship
with CO,-III. At higher pressures, one of the fundamental
questions is the location of the phase boundary between
molecular and nonmolecular phases. Santoro et al., for
example, proposed a phase diagram where the boundary
between molecular and nonmolecular phases at room
temperature is located at 20 GPa, roughly half-way
between the lowest pressure of quenching and the pressure
of synthesis for this phase [30,31]. Moreover, the kinetic
boundary between CO,-III and the a-CO, nonmolecular
structure, i.e., the P-T region where the transformation
occurs upon compression, has a negative slope [32], while
basic thermodynamic considerations suggest that the slope
of the true phase boundary should be positive [31].
Theoretical determinations of the molecular-nonmolecular
boundary at zero temperature, based on ab initio electronic
structure methods, predict transition pressures in the range
between 18 and 21 GPa when going from both CO,-II and
CO,-III to the nonmolecular forms [28,30,33].

In this Letter, we extend the theoretical determination of
the phase diagram of CO, to finite temperatures for all
stable phases except CO,-1. Phase boundaries between the
molecular phases II, III, and IV, and the nonmolecular
phase V are calculated based on an ab initio approach;
for the determination of free energies, the vibrational
contributions are treated in the quasiharmonic approxima-
tion (QHA).
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Ab initio electronic structure calculations were carried
out using DFT and the projector augmented wave method,
as implemented in the Quantum ESPRESSO suite [34,35] with
a kinetic energy cutoff of 200 Ry for the plane-wave basis
set. The generalized gradient approximation was employed
for the exchange-correlation energy and implemented using
the Perdew-Burke-Ernzerhof functional [36]. Our system is
well represented by this approach as shown by previously
calculated intramolecular C = O bond lengths of CO,-II at
different levels of theory, which are generally consistent
with our values [14,37,38]. The Monkhorst-Pack method
[39] was used to generate the k point grids for sampling the
Brillouin zone. Variable-cell optimization of all structural
parameters was performed for the four phases in the range
of pressures between 10 and 70 GPa. Density functional
perturbation theory within the linear response scheme [40]
was used to calculate phonon frequencies at zero temper-
ature. The zero-point energy and the finite-temperature
contributions to the Helmholtz free energy were computed
in the QHA [41,42], which is valid where harmonic effects
dominate the material’s properties. It is commonly accepted
as a criterion that increasingly relevant contributions
coming from anharmonicities are expected to appear at
T ~1.20p and above [43,44]. Even more, the range of
temperatures in which QHA remains valid is significantly
expanded under high pressure [43—45]. For this particular
study, the calculated ®p, takes values between 3485 K and
3500 K for the three molecular forms considered at the
lowest pressure in our work (10 GPa), which are clearly
higher than the highest temperature registered in this
study, i.e., 1600 K. Thus, the temperature region under
consideration in this work spans approximately from
0.05 to 0.450p, assuring us of the validity of the quasi-
harmonic approximation below the melting curve of CO,
for all solid forms. For the construction of the pressure-
temperature phase diagram, the Helmholtz free energy at
different temperatures was fitted to a third order Birch-
Murnaghan equation of state (EOS). Finally, the Gibbs free
energy was calculated as

G(P,T) = F[V(P,T),T| + PV(P,T), (1)

Room-temperature equations of state obtained with the
above approximations are compared with experimental data
for phases CO,-1I, CO,-III, CO,-IV, and CO,-V in Fig. 2.
The agreement is good and confirms the validity of the
approach. Phase boundaries constructed based on the
calculated Gibbs free energies are shown in Fig. 3. It is
worth mentioning that although most phases in this
study are molecular, the van der Waals approximation
was not used since, in simulations under very high
pressure, the dispersion function becomes constant at
distances much shorter than the standard van der Waals
radii, resulting in not affecting the valence geometries or
energies [46,47].
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FIG. 2. Pressure-volume relation of phases (a) II, (b) III, (c) 1V,
and (d) V of CO, at room temperature are shown in black solid
lines. For each case, reported values from experimental (red
circles) and theoretical (blue squares, purple diamonds, and yellow
crosses) studies for the different phases are displayed as well.

We begin our discussion with an analysis of the
molecular solid region of the phase diagram. This region
is indicated in yellow in Fig. 1; it contains the molecular
phases I, II, III, and IV, and its upper bound in pressure
coincides with the experimentally reported transitions to
the nonmolecular phases. Since phase I as well as its
boundaries with the other phases are well known and
constrained, we focus specifically on phases IL, III, and IV,
at pressures higher than 12 GPa. According to the enthalpy-
pressure relations, with and without the zero-point energy
contribution, at 7 = 0 K CO,-II is the most stable molecu-
lar phase in the pressure range considered, until the
transition to CO,-V. This indicates that the orthorhombic
Cmeca structure (phase III) obtained experimentally from
the compression of phase I is, indeed, only metastable at
low temperatures. Notice that this remains true even after
the inclusion of zero-point contributions, in agreement with
previous reports [5,48]. At variance with our results as well
as with previous theoretical work, a recent theoretical study
[8] proposes a transition boundary between phases Il and
1T in which CO,-1Il is stable up to ~570 K at 19 GPa. This
is at odds with experimental observations where the kinetic
transition from CO,-III to CO,-II occurs at much lower
temperatures [5]. Instead, our calculations show that
CO,-IIT becomes more stable than CO,-II at higher temper-
atures [solid green line with stars in Fig. 3(a)]. The
transition temperature between CO,-III and CO,-II has a
strong pressure dependence and reaches values in excess of
1000 K close to the boundary with the nonmolecular phase
V, with respect to its value close to CO,-I. Comparing the
free energies of CO,-II and CO,-1V, we find that the
boundary between phases II and IV [solid brown line
with down triangles in Fig. 3(a)] agrees quite well with
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(a) Phase boundaries between CO,-II and CO,-III (green, stars), CO,-II and CO,-IV (brown, down triangles), and CO,-III and

CO,-IV (magenta, diamonds). Suggested boundaries reported by Iota et al. [5] (experimental) and Bonev et al. [48] (theoretical), are
shown in orange dotted-dashed line and violet dotted line, respectively. (b) Phase boundaries between molecular phases CO,-II (red,
circles), CO,-III (blue, up triangles), and CO,-IV (gray, crosses), and the nonmolecular phase CO,-V. Proposed limits of the kinetic
region from experimental data from Ref. [32] (orange squares) are also included.

experimental data [12]. The weak pressure dependence of
the II-IV boundary reduces the region of stability of phase
IT with respect to the starred green line in Fig. 3(a), by
confining it toward lower temperatures. Finally, we find
that the boundary between CO,-III and CO,-IV [solid
magenta line with diamonds in Fig. 3(a)] is almost vertical,
which restricts the domain of stability of phase III to a
narrow window of pressure and to temperatures above
400 K. We summarize the results of the free-energy
calculations for the three molecular phases II, III, and
IV in Fig. 4. Phases I and II emerge as the only stable
molecular phases of CO, from zero to ambient temperature.
Phases III and IV are both stabilized by temperature, and
phases II, III, and IV coexist at a triple point located at
15 GPa and 500 K.

Our findings are in agreement with simulations by Bonev
et al. [48] which suggested that the Cmca phase is a
temperature stabilized form [48]. Because the structure of
phase IV was not known at the time, Bonev et al. proposed
a wider region of stability for CO,-IIL Interestingly, as can
be seen in Fig. 3(a), the P-T region of stability of CO,-III
obtained from our calculations has a large overlap with the
region of stability reported for the so-called phase VII of
CO, [13]. A recent theoretical work has shown that phases
II and VII have, in fact, the same crystal structure (space
group Cmca)[14]. Therefore, we confirm that phase III is
thermodynamically stable in the P-T region where phase
VII has been reported. Thus, the observation of phase III
outside this region (e.g., at ambient conditions, as a result of
the compression of phase I) must be attributed to kinetic
effects.

Now, we turn to the boundary between the molecular
phases and nonmolecular phase V [Fig. 3(b)]. We find that,
at zero temperature, the phase boundary between CO,-II

and CO,-V is located at 21.5 GPa. The transition between
(metastable) CO,-IIT and CO,-V would, instead, take place
at 20.8 GPa in the absence of kinetic effects. This is in good
agreement with previous theoretical works [28,30,33].
Phase boundaries between molecular phases and CO,-V
are rather insensitive to the choice of the molecular
structure and they all have a positive slope, as already
suggested [31]. Considering that nonmolecular phases are
denser than molecular ones, a positive slope implies a
decrease of entropy in going from molecular to non-
molecular. This is not unexpected, given the stiffness of
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FIG. 4. Theoretical phase diagram for carbon dioxide at high
pressure and temperature. Our calculated phase boundaries are
shown with solid black lines, while previously reported thermo-
dynamic boundaries are shown in gray. Yellow, green, and blue
regions correspond to molecular, nonmolecular, and fluid forms
of C02
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the nonmolecular structure when compared with the
molecular ones. Using the experimentally determined
melting line, our calculations show a triple point between
phases IV and V, and the liquid phase at 35 GPa and
1600 K. Therefore, the calculations suggest that molecular
CO, could be stable up to pressures as high as 35 GPa, at
high temperature.

In summary, we have presented finite-temperature theo-
retical calculations in the quasiharmonic approximation for
various molecular and nonmolecular solid forms of CO,.
The calculations aimed at resolving experimental uncer-
tainties and inconsistencies due to kinetic effects and
metastability. We find that the boundary between the
molecular phases and phase V has a positive slope, and
starts at 21.5 GPa at T = 0 K. We also find that the phase
diagram shows a triple point between phases IV, V, and the
liquid phase at 35 GPa and 1600 K. This indicates that the
nonmolecular phase V has a broader region of stability
than previously reported. We were able to reproduce the
known thermodynamic boundary line between CO,-II and
CO,-1V, confirming that kinetic effects are not relevant in
that transition. Finally, it was shown that phase II is the
most stable molecular phase at low temperatures, extending
its region of stability to every P-T condition where phase
IIT has been reported experimentally. However, our results
also show that CO,-III is, instead, stabilized at high
temperature and its stability region coincides with the
P-T conditions where phase VII has been reported exper-
imentally, implying that phase III and phase VII are,
indeed, the same.
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